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PREFACE. 



The variety of problems to which the Theory of Determinants 
has recently been applied renders it desirable that this branch 
of analysis should be made generally accessible. But although 
the principal theorems are familiar to the more advanced 
mathematicians, there has hitherto been no elementary work 
upon the subject, to which reference can be readily made by 
the student. 

The Theory is neither lengthy nor intricate, being in fact 
little else than a method of arrangement, by means of which 
the results of certain long algebraic processes may be discovered 
without actually effecting the operations ; and indeed, with 
the exception of a few theorems relating to the addition, 
multiplication, &c. of determinants, it may be said to consist 
entirely in its application. Like all similar calculi, it may be 
carried out into very numerous details ; but although this has 
not been attempted in the present investigations, the principal 
modifications of form and varieties of combination have been 
noticed, and the theorems throughout illustrated by examples. 
The reader will be thereby enabled generally to apply the 
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processes whenever opportunity occurs, and to comprehend 
any new theorems which may hereafter be proposed. The 
demonstrations here offered are principally original, although 
perhaps not different from such as may have occurred to 
others who have paid attention to the subject. 

The functions which are the subject of the present paper, 
or cases of them more or less general, have for many years 
been an object of interest to mathematicians ; in fact so long 
ago as the year 1750, Cramer, in his Introduction d V Analyse 
des lignes Courbes (Appendix), has exhibited the determinants 
arising from linear equations in the case of two or three 
variables, and has indicated the law according to which they 
would be formed in the case of a greater number. In the 
Histoire de VAcademie Royale des Sciences^ Annee 1764 (pub- 
lished in 1767) Bezout has investigated the degree of the 
equation resulting from the elimination of unknown quantities 
from a given system of equations, and has at the same time 
noticed several cases of determinants, without however entering 
upon the general law of formation, or the properties of these 
functions. The Hist de VAcademie, An. 1772, Part II. (pub- 
lished in 1776) contains papers by Laplace and Vandermonde 
relating to determinants of the second, third, fourth, &c. order. 
The former, in discussing a system of simultaneous diffe- 
rential equations, has given the law of Ibi-mation, and shown 
that when two horizontal or vertical rows (according to the 
notation of the present work) are interchanged, the sign of 
the determinant is changed. Vandermonde's paper is upon 
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elimination, and considering the period at which it was 
written, is remarkable for its elegance ; the notation, which 
is worth noticing, is as follows ; the system of quantities being 
thus represented, 

'1 '2 . . 'm 

n '2 .. ''n 

"1 "2 . . "n 

a determinant ol' the nth order is written thus, 

1 I 2 I ■ . j w 

l\2\..\n 
so that 

Ll^-4 ^2-n '2 

and so on for other orders. 

In the Memoires de rAcademie de Berlin^ 1773, Lagrange 
has demonstrated that the square of a determinant of the third 
order is itself a determinant ; these formulae he applies to the 
establishment of theorems relating to triangular pyramids, 
and to the problem of the rotation of a solid body. Subse- 
quently to this, Gauss, in his Disquisitiones Arithmetics, has 
shown (Section V. Nos. 159 and 270) that the product of two 
determinants is itself a det' -linant in the cases of the second 
and third orders. The whole of this section, which forms a 
large portion of the work, is devoted to these functions. The 
case of determinants of the second order arising from quadratic 
functions of two variables, i.e. of the form h^ — ac, or, adopting 
his notation, (a, b, c), is very completely discussed. And besides 
the theorem above noticed, the following problem, which has 
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some connexion with determinants of determinants, is solved : 
" Given any three whole numbers a, a, a", (which are not 
all = 0), to find six others, B, B', B", C, C, C", such that 
B'C" - B"C' = a, B"C — BC" - a', BC — B'C = a"." This 
mathematician appears to have also introduced the term 
Determinant. 

In 1812 Binet published a memoire upon this subject, and 
established all the principal theorems for determinants of 
the second, third, and fourth orders ; and has further applied 
his formulte to the discussion of rhomboids, surfaces of the 
second order, and properties of solid bodies. See Journal 
de VEcole Polytechnique, tome ix. cahier 16. The next volume 
of this series contains a paper by Cauchy, written at the 
same time, on functions which only change sign when the 
variables which they contain are transposed. The second part 
of this paper refers immediately to determinants, and contains 
a large number of very general theorems. Amongst them is 
noticed a property of a class of functions closely connected 
with determinants, first given, so far as I am aware, by Van- 
derm on de ; if in the development of the expression 

a, «2--ff„(«2— «i) {03-0.1) (on-ai) («3— fla) ■• (««-«i) (On—a„_,) 
the indices be replaced hy a second series of suffixes, the result 
will be the determinant 

S(± Oi^i Oj^a •■ a„,„) 

Several papers appeared subsequently from time to time upon 
various points connected with the subject ; but by far the 
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most complete are two by M. Jacobi (Crelle, torn, sxii.) De 
formd et proprietatihus Determinanttum, and De Determinantibus 
Functionalibus. In the same Journal (torn, xxxii. and xxxviii.) 
there are two memoires by Mr. Cayley, Sur les Determinantes 
Gauches, which expression has been rendered Skew Determinants, 
the term being adopted from the corresponding translation in 
Geometry. 

References will be found in the course of this work to other 
papers in which Determinants have been employed, all of 
which may be consulted with advantage. Besides these, there 
may be mentioned the following ; " On the Theory of Elimina- 
tion," by Mr. Cayley, Camb. ^ Dub. Math. Journal, vol. in.; 
" On a new Class of Theorems, &c." by Mr. Sylvester, Fhil. 
Mag. vol. XXXVII. ; " Extraits de lettres de M. Cli. Hermite, a 
M. C. G. J. Jacobi, sur differents objects de la theorie des 
nombres," Crelle, torn. xl. 

Besides that which is here discussed, there is another 
very interesting and apparently important theory lately pro- 
posed by Mr. Cayley relating to functions, which he calls 
Hyperdeterminants. The general question therein proposed 
is, " ' To find all the derivatives of any number of functions 
which have the property of preserving their forms unaltered 
after any linear transformations of the variables,' By deri- 
vative is to be understood a function deduced in any 
manner whatever from the given function, and by hyper- 
determinant derivative, or simply hyperdeterminant, those 
derivatives which have the property above enunciated." Of 
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this nothing has been here said, but those who are desirous of 
pursuing the subject will find the principles of it laid down in 
two papers, Camb. Math. Journal, vol. iv., and Camh. and Dub, 
Math. Journal, vol. i., or in Crelle, torn. xxx. 
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ELEMENTARY THEOREMS 



RELATING TO 



DETERMINANTS. 



^ I. — Introduction. 

Before entering upon the general Theory of Determinants, it will be 
desirable to notice a few well known formulse, which are in fact them- 
selves determinants, and which exhibit particular cases of the more 
general theorems hereafter to be established. It will thus be seen that 
the present theory involves no new principle, and that a determinant is 
nothing else than a simplified method of notation, by means of which 
transformations involving long processes of multiplication may be 
effected at sight. As these functions generally occur either in direct 
connexion with linear equations, or in such a way that they may be 
resolved into a system of linear equations, it will be simplest to intro- 
duce them as so connected. Perhaps no more familiar illustration of 
the theory can be found than that afforded by the equations for deter- 
mining the centre and principal axes of a plane curve or of a surface 
of the second order. The determinants so arising are not indeed the 
most general of their class, but as this fact does not materially affect 
their forms or relations, the illustration will be as good as if their 
character was perfectly general. 

The equations for determining the centre and principal axes of the 
plane curve whose equation is 

Ax^ + Cf A- 2{Bxi/ -I- D:t: + Ey) = K 

are, as is well known, 

Aa + BJ3 = 'D 

(A - e)l +Bm = 
Bl + (C- 0)m = 
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where « ^ are the co-ordinates of the centre I, m, the direction-coshies 
of one of the principal axes, and 6 a root of the quadratic formed by the 
elunination of I and m from the two latter equations. The quadratic in 
question is in fact the following, 

(A-$)(C-0)- B' = 0, 

and the function forming the left-hand side of this equation is a deter- 
minant; and, being of the second order in the quantities involved, is 
called a determinant of the second order. 

The quantities involved, A — fl, C — 9, B, are called the constituents of 
the determinant; but, according to the method of the following pages, 
this and other like functions will be written not as above, but in the 
following manner, 



and whenever such an expression occurs it will be understood that the 
four constituents are to be multiplied together two and two diagonally as 
regards the square in which they are arranged, and that the difference 
of the two products will be the function indicated. It is also to be 
borne in mind that the product involving the quantity at the upper 
left-hand comer of the square is to be taken positively, and the other 
of course negatively. 

Again, ftom what has now been said, it is not difficult to sec that the 
determinant 

[ A B I 

I B C 1 

may be considered as that function which when equated to zero would 
express the result of the elimination of I, m, from the two hnear 
equations 

a; + B»i = 

BI+ Cm=0 

or it may be considered as expressing the common denominator of the 
values of a and /3 deduced from the equations 

Aa + B^ = D 

Ba ^- C/3 = E 
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Two other determinants occur in the solution of these equations, 
which it may be worth the I'cader's while to verify ; they are as foUows, 

|ec| JEC| |bc| IeBI 

As a further exercise these latter equations may be solved with 
respect to « and ,3, and by dividing out the common factor 

I A B I 

I B C I 
the original equations reproduced. The following equations may also 
be verified, 

iAB|^-[BA[^-[BC[= |CB| 

|bc| |cb| |ab| |ba| 

so that in determinants of the second order, by an interchange of two 
horizontal or vertical rows the sign of the determinant is changed ; and 
by two such interchanges the original sign is of course restored. 

Again, 

|AB|=0 JAA|=0 

I A B I I B B I 

and consequently if either two vertical or two horizontal rows become 
equ&\, the determinant vanishes. 
Again, 

j A + A' B + B' I = ! A B I + I A B' I + I A' B I + I A' E' ) 
I B + B' C + C/ I I B C I I B C I I B' C I | B' C | 

i. e. the determinant, each of whose constituents is the sum of two 
others, is equal to the sum of the four determinants formed by taking 
the eight constituents fom' and four together, each constituent retaining 
its position in the square. As a corollary the following may be noticed ; 

I A + B B I = j A B I 

I B + C I i B C I 

It may also be shown that 

I A B I = I A 1 I B, I A^ + B-:. AB + BC [ ^ j A B I ^ 
I C B I I C I I i AB+ BO'B" + C^' I I B C | 

Returning to the determinant arising from the equations for deter- 
mining the principal axes of the plane curve, it will be found by actual 
multiplication that 

AC - B^ - (A + C} ^ + ^^ = 
a2 
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which may also be written thus, 

j A B I - {A + C) ^ + ^- = 
I B C I 

so that the term independent of fl is the determinant tbrmed by putting 
8 = in the given determinant; the coefficient of S is the sum of the 
quantities lying in the same diagonal with fl, and the coefficient of ff- is 
unity. The coefficients of the powers of 3 are of course alternately 
positive and negative. 

Proceeding to three dimensions, the centre and principal axes of a 
surface of the second order will be determined by the equations 

Aa + H^ + G7 = L 

Ha + B/3 + F7 = M 

Ga + F;3 + C7 = N 





(A - 9) ( + H. 
Hi + (B - e) « 
G; + Fm + (C 


ri + Gn - 
» + Fn = 

- e) « = 








Analogously to 
elimination of /, m, 


the case of two 
n ftom the latter ! 


dimensions, the 
system will be thus 


result of 
expressed, 


the 




1 A-« H 
,' H B - 
G F C- 


G =0 
F 

■ S 








and the eonunon denominator of the values of a, ^ 
iirst system, thus, 

A H G 

H B F 

G F C 


, 7 deduced from the 



but by actual elimination it would be found that this expression i,« 
equivalent to 

ABC - AF^ - BG' - CH^ + 2FGH 

or, by what has been said above respecting determinants of the second 
order, 

= A I B F 1 + H I F H I + G I H B I 

JFCJ IcgI IgfI 

which gives the law of the formation of determinants of the third order 
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from those of the second ; and they are in fact the sum of the products 
of each quantity in the top horizontal row and the determinants formed 
by the four quantities which lie two and two in each of the lower hori- 
zontal rows, and two and two in each of the vertical rows in which the 
quantity first chosen does not he ; the vertical rows are to be taken in 
the usual cychc order, viz. (1) the second and third, (2) the third and 
first, (3) the first and second. 

The theorems corresponding to those noticed in two dimensions may 
be verified without difficulty, as also may the following, which will not 
be found laborious if, as is probable, the reader is tolerably familiar 
with the usual formula in algebraical geometry. 



C G j 


j G A r 


= A H G 


G A 1 


1 F H 


HBP 


G A| 


1 A H 1 


G F C 


F H 1 


! H B 1 





In this expression it is to be observed tliat tlie constituents of the 
determinant are themselves determinants ; and the equation may be 
verified by developing both the determinant itself and the determinants 
which form its constituents ; the order in which the developments are 
effected is of course arbitrary. 



B FI 
F C I 
F C I 
HG 1 
H B I 
G F I 



F C I I 
H G 11 

C G j I 
G A I I 
GA I 
F H 1 i 



H B j 
G F 
G A 
F H I 
A H I 
H B 



; A H G I 

H B F 
G F C 



This expression is again a determinant whose constituents are them- 
selves determinants, and the equation may be verified in a variety of 
ways. The constituent determinants may be first developed, and after- 
wards the determinant whose constituents they are, or vice versa, first 
the determinant and then the constituent determinants', and in either 
case the result must be compared with the development of the expression 
on the right-hand side of the equation. It will however be less 
laborious, and more in accordance with the methods hereafter laid 
down, to employ the formulfe already estabhsbed, and thereby avoid 
a complete development of the expressions. We should then proceed 
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A 


H 


G 


H 


B 


F ! 


G 


F 


c 



as follows ; in the same way that the preceding equation was verified, 
the following may be also established, 

jGA[[FC|i = [AHGjH ||FC||CG| 
I F H M H G I I ■ H B F ! M H G i G A I 
lAHMHBI! ioFC, !|HBj|GA| 

IhbIIgfII IigfiIfhIi 

and consequently the determinant to be developed may be thus 
expressed, 

lAH GlfAlB F; + H|F C| + GjHB."l 
HBFl IfcI IhgI IGFI 

! G F C I 
but the expression within the braclccts is, as was before shown, equal 
to the determinant outside the brackets ; so that the whole expression 
is equal to the square of that determinant, as was to be proved, 

i AM- H^ + G^ (A + B)H + FG (C + A)G + HF 1 = 1 A H G I ^ 
j (A + B)H + FG W + B^ + r- (B -K C)F + GH H B F 

I (C + A)G + HF (B + C)F + Gil G^ + F^ + C- | | G F C I 

The point in this expression to be particularly remarked is, that 
each constituent of the determinant on the left-hand side of the equation 
is the sum of the constituents which lie in one of the horizontal rows of 
the determinant on the right-hand side multiplied respectively by the 
corresponding constituents in either the same or another horizontal 
row. Thus for the first vertical row on the left-hand side, there is 
formed, ( 1 ) the sum of A, H, G multiplied respectively b}' A, H, G ; 
(2) the sum of A, H, G multiplied respectively by II, B, F ; (3) the 
sum of A, H, G multiplied respectively by G, F, C ; and similarly 
for all the other vertical rows. 



And the determinant involving fl may be written thus, 

jAHGj_f|BF| + jCG| + |AH| 

|hbf| 

I G F C 



f|BF| + jCG| + |AH |1 . , ,, , V 

■ IIf c| iG aI ;HB|r-^<^ + ^ 



So that the term independent of S is the determinant of the third 
order, formed by putting e = in the given determinant ; the coefficient 
of fl is the sum of the determinants of the second order formed by 
omitting in turn the horizontal and vertical rows passing through the 
quantities. A, B, C ; the coefl5cient of 6'^ is the sura of A, B, C, i.e. 
of the quantities Ipng upon the same diagonal with fl in the given 
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determinant ; and the cociBcient of i^ is unity. The coefficients of 
the powers of fl are, as in the case of two dimensions, alternately positive 
and negative. 

Another well-known instance of formulae which give rise to deter- 
minants is that which occurs in the transformation of co-ordinates, 
especially when the transformation takes place in three dimensions- 
Thus to pass from one set of axes (s, t/, z) to another (f, :;, ?), we have 
the equations 

^ = Ix + my -Y nz 

1} =: I'x + m'y -f- n'z 

^= e'x + ■m"y + n"z 
and conversely to pass from the system (?, r,, X,) to {x, y, z), we should 
have the inverse system, which may be thus written ; 



] { »i n 


va = 


1- 


t 


V' = 


11 m 


1 , m' «' 




J7 w 


' V 




vf m' 


j i m" n" 




(n 


" I" 




r 1" »" 



if both systems of axes are rectangular, the usual expression becomes 

V= + 1 
It may further be observed that in all these determinants the same 
result win be obtained by developing according to the vertical instead 
of the horizontal rows. Thus the first stage of the development of 
V may be either 



As a last example it may be noticed that the ordinary relations 
between the direction-cosines of two rectangular sets of axes may 
be expressed as determinants ; thus the equations 

II' -t mm' + m' = I' + m^ + tv' = I 
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may be written as follows, 



10 0/ 


= 0, 


1 ; 


= - 1, or 


10 0/ 


1 m 




1 ™ 




1 Dm 


1 w 




1 n 




1 n 


I' m' n' 




I m n 




I m 7i i 



The fonn of these determinants, which are of the fourth order, might 
be discovered by eliminating four unknown quantities from four homo- 
geneous linear equations ; but as this is a rather long process, it may 
be assumed, as will hereafter be proved, that a determinant of the 
fourth order is formed by multiplying the constituents of the top 
horizontal row respectively by the. determinants of the third order 
formed from the three remaining horizontal rows, three out of the four 
vertical rows being successively selected in the usual cycHc order ; the 
products so formed are to be taken alternately positive and negative, 
as in the case of determinants of the second order. 

By these exercises, and any others which may suggest themselves, 
the reader will have become sufficiently acquainted with the nature and 
object of the method to enter upon the general theory, to which we 
now proceed. 



§ 11. — On the Formation of Determinants. 

In order to designate a certain system of objects, quantitative or 
other, it is usual to employ either different letters, such as 

a, l>, c, . . 
or the same letter with accents or suffixes, as 
k, h', k", . . 
k, ki, A,, . . 
a second suffix being introduced when necessary, as 
Ai,i> K^ ■ • 

this notation being especially useful when the number of letters is of the 
form mn, since they may then be arranged in m vertical and n horizon- 
tal, or n vertical and m horizontal rows ; in the case when m and n are 
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equal the letters may of course be arranged in a square. It is, however, 
more simple and not less general to write down only the suffixes, 
omitting the letters to which they are supposed to refer ; so that a 
system of r? letters will be thus expressed, 



(1,1), (1,2), 
(2,1), (2,2), 



. (1,«), 
■ (2,»), 



(»,«). 



(»,!),(», 2), 

These symbols are perfectly general, and indicate the position in some 
primary arrangement to which they severally belong. Thus, any 
symbol {-p, q) in such a system would be that which originally stood in 
the pth horizontal and yth vertical row, counting from the top and the 
left hand respectively. It must, however, be carefully borne in mind 
that the numbers employed in these symbols have nothing whatever to 
do with the nature of the quantity or operation whose position they 
determine, and that consequently the symbols {p,q) and (?,p) have in 
general no relation or connexion with one another. 

These symbols will form the constituents of the determinants in the 
following investigations, and their natural order of arrangement will be 
that of the table given above. It will be noticed that the symbols 
(1,1), (2,2), . . will then form the diagonal row corresponding to that 
of A,B, . ., in the cases noticed in the first section, and that to pass from 
a horizontal to a vertical row, or vice vers&, it is only necessary to 
interchange the two numbers in each of the constituents, i, e, to write 
{(1-,^) for (^,j), or {'p,q) for {q.,p). In the equations for determining the 
centre and principal axes of a plane curve, « = 2 ; in the corresponding 
case with respect to surfaces of the second order, m = 3, and in both 
cases 

(m) = il^P) 

i. e, 

(2,3) = (3, 2), (3, 1) = (1, 3), (1, 2) = (2, 1) 
while in the equations for the transformation of co-ordinates these latter 
conditions are not Mtilled ; but as the nature of the arrangement is 
perfectly obvious it is needless to give further explanation. 

A determinant may now be defined by the following equations, each of 
which is comprised in that which succeeds it. The general expression 
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10 

for a determinant of the nth order is given below ; but those of the 
orders, 1, 2, 3, 4, . . with their corresponding development, have been 
written down first for the sake of clearness. 

1(1.1)1 =(1,1) 

I (1.1)(1,S) I = (1,1) I (2,2) I -(1,2) I (2,1) ] =(l,l)(2,2)-(l,2)(2,l) 

I (2,1)(2,2) 1 

j (1,1)(1,2)(1,3) I = (1,1) I (2,2)(2,3) I + (1,2) I (2,3)(2,1) I + (1,3) I (2,1)(2,2) 

(2,I)(2,2)(2,3) |(3,2)(3,3)| | (3,3)(3,1) | | (3,1)(3,2) 

I (3,I)(3,2)(3,3) 1 

= (l.I) (2,2) (3,3) - (1,1)(3,2)(2,3) + (1,2)(2,3)(3,1) 
- (],2)(3,3)(2,1) + (1,3)(2,1)(3,2) - (1,3){3,1)(2,2) 
(1,1)(1,2)(1,3)(1,4) = (1,1) 1 (2,2) (2,3) (2,4) I - (1,2) I (2,3) (2,4) (2,1) 
(2,1)(2,2)(2,3)(2,4) (3,2) (3,3) (3,4) (3,3)(3,4)(3,1) 

(3,l)(a2)(3,3)(3,4) I (4,2) (4,3) (4,4) I | (4,3) (4,4) (4,1) | 

(4,1) (4,2) (4,3) (4,4) 

+ (1,3) I (2,4)(2,1)(2,2) I _ (1,4) I (2, 1) (2,2) (2,3) I 
(3,4)(3,1)(3,2)| (3,1)(3,2)(3,3) 

I (4,4)(4,1)(4,2) 1 1(4,1) (4,2) (4,3) 

= (1,1)(2,2)(3,3)(4,4) - (1,1)(2,2)(4,3)(3,4) + (1,1)(3,2)(4,3)(2,4) 

- (1,1)(3,2)(2,3)(4,4) + (1,1)(4,2)(2,3)(3,4) - (1,1)(4,2)(3,3)(2,4) 
_ (1,2)(2,3)(3,4)(4,1) + (1,2)(2,3)(4,4)(3,1) - ( 1 ,2) (3,3) (4,4) (2, 1 ) 
+ (1,2)(3,3)(2,4)(4,1) - (1,2)(4,3)(2,4)(3,1) + (1,2)(4,3)(8,4)(2,1) 
+ (1,3)(2,4)(3,1)(4,2) - (1,3)(2,4)(4,1)(3,2) + (1,3)(3,4)(4,1)(2,2) 

- (1,3)(3,4)(2,1)(4,2) + (1,3)(4,4)(2,1)(3,2) - (1,3)(4,4)(3,1)(2,2) 
_ (1,4)(2,1)(3,2)(4,3) + (1,4)(2,1)(4,2)(3,3) - (1,4)(3,1)(4,2)(2,3) 
+ (1,4)(3,1)(2,2)(4,3) - (1,4)(4,1)(2,2)(3,3) + (1,4)(4,1)(3,2)(2,3) 

The law of formation of these flinetions will be sufficiently obvious, 
if it be noticed that wlicn the number of rows (horizontal or vertical) 
is odd the terms in the first stage of the development are all positive, 
and when the number is even the terms are alternately positive and 
negative. It would be found on trial that this determinant of the 
fourth order is the common denominator in the expressions for four 
unknown quantities determined by four linear equations whose coeffi- 
cients are the constituents of the determinant; or, that the same 
determinant, when equated to zero, is the result of the elimination of 
the same unknown quantities from the same equations, when their 
second members vanish. 
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The construction of determinants of the nth. order, and their con- 
nexion with linear equations, are precisely the same as those of the 
particular cases ahove noticed. This may he shown either by forming 
the common denominator in the solution of a system of linear equations 
having second memhers, or, which is the same thing, by finding the 
condition that those equations may co-exist when their second members 
vanish ; a process wliich would show that the functions so constructed 
are formed according to the same law as the determinants of the 
orders 1, 2, . . ., given above; or, again, since the law by which determi- 
nants of the orders 1, 2, . . are constructed is sufficient for the formation 
of a determinant of the order n, we may proceed in the inverse order, and 
construct a function of the same kind as those of the orders 1,2, . . 
and then prove that it is identical with the common denominator, or 
the result of the elimination from the above-mentioned system of 
equations. Adopting the latter course, the function in question will 
be written thus, 

(1,1)(1,2) .. (1,7*) 
(2,1)(2,2) .-(2,«) 

(«,1)(«,2) .. in,n) 
the law of formation being as follows. 



= (1.1) 



(2,2){2,:3) . 
(3,2)(3,3) . 



(2,n) 



: (1.2) 



(«,2)(«,3) .. (n,n) 

± {!,«} (2,I)(2,2) - 
(3,1)(3,2)- 



(2,8)(2,4) ..(2,1) 
(3,3)(3,4)..(3,1) 



(«,3)(M) • 
2,«-l) 
3,«-l) 



(«.«) 



(«,i)(«,2) .. {n,n-l) 

the upper signs being taken when the number of rows (horizontal or 
vertical) is odd, and the lower when it is even. 

It is easily seen by the law of its formation, that a determinant is 
the sum of a series of homogeneous products, and M. Jacobi and others 
have in consequence adopted the following notation, 

V = S ± (1,1) (2,2) . . . (n,n) 
so that by the right-hand side of this equation is indicated the sum 
of terms fonned by all possible interchange of the first and second 
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members of the binary combinations, (1,1), (2,2), . . (n,n), subject to 
the condition that in each product all the first members shall be different, 
and likewise all the second members ; the sign of each product being 
4- or — , according as it is deducible from 

(1,1) (2,2) ■•(«,») 

by an even or odd number of interchanges of the first (or second) 
members. This will become apparent if another step in the development 
of V be effected ; the first two terms of the series may then be written 



{(},!) (2,2)-(l,2) (2,1)} 



(»,3) (3,4) 
(4,3) (4,4) . 



(■VO 
(4,«) 



(»,;i) (M) •• {n,n) , 



So that the single interchange of 1 and 2, producing the product 
(1,2) (2,1) from (1,1) (2,2), gives rise to one change of sign; and each 
subsequent interchange will similarly produce one change. Moreover, 
since each term will contain one (and only one) constituent from each 
horizontal row, and also one (and only one) from each vertical row, it 
easily follows that 

Theorem I. If the whole of a vertical or horizontal row he multi- 
plied hy the same quantity, the determinant is multiplied by 



The notation above mentioned, as well as that adopted throughout 
the present paper, has the advantage of expressing something concerning 
the nature of the determinant ; but for a mere abbreviation the following 
is convenient, 

I 1,2, •■» 1 
and will be occasionally used. 

The same property which gave rise to Theorem I. also leads without 
difficulty to that expressed by the following equation. 



(l,l) + (l,l)' (1,2). .(],») 
(2,1) + (2,1)'(2,2)--(2,k) 



(1,1) (1,2).. (I,,) 
(2,1) (2,2).. (2,«) 



(«,l) + (n,l)'(«,2)..(«,») (»,1)(»,2). .(»,») (n,lX(»,2)..(»,«) 



(1,1)' (1,2). .(l,.) 
(2,iy(2,2)..(2,,) 
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A more general form of which is easily seen to be also true, thus, 

(1,1) + (1,1)'+ . -(1,2) + (1,2)'+ .. •■ (1,.) + (1,»)'+ . 
(2,1) + (2,1)'+ ■■(2,2) + (-2,2)'+ ■■ ■• (2,») + (2,»)'+ ■ 

(a,l) + (»,l)'+--(»,2) +(„,2)'+..^^ (»,«) + (»,«)'+• 



(1,1) (1,2). •(!,») 
(2,l)(2,2)--(2,») 

(«,l)(n,2)-(„,.) 



(1,1)'(1,2)..(1,») 
(2,1)'(2,2).^(2,») 



(l.iy(1.2)'--(l,»)' 
(2,l)'(2,2)'--(2,«)' 



(»,1)'(»,2)'. ■(»,»)' 



(«,1)'(„,2),. (»,») 

Hence the following theorem may be enunciated : 

Theorem II. The determinant each of whose constituents is the 
sum of several others is equal to the sum of the determinants 
formed by all possible combinations of vertical rows, one being 
taken out of ea^h pair found in the given determinant. 

If tlie number of terms in the first vertical row be p, that in the 
second q, and so on, the number of determinants will be ^ 5' . . . 

It may further be observed that if any vertical row of constituents, 
such as (1,1)', (2,1)',.., be identical with any other, such as (1,2)', 
(2,2)', . . , the determinant containing those rows will vanish. 



§ HI. — Transformation of 

It was seen in the preceding section that a determinant is the sum of 
all possible combinations formed by taking one, and only one, consti- 
tuent from each horizontal and each vertical row (the proper signs 
being affixed to these products) ; and it therefore follows that the 
absolute value of the determinant will not be altered by an interchange 
of all the first and second members of each of its constituents, i.e. by 
writing {q,p) for {p,q) throughout; nor will the sign be changed, for 
if it were, the sign of each term would be so also ; but in the trans- 
formed expression the term 

(1,1)(2,2) ■■ («,«) 
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retains the same sign as before ; so that the transformed determinant 
will be equivalent to the original one ; i.e. 



(1.1) (1.2)- 
(2,1)(2,2) ■ 



(2,«) 



■ (»,») 



(1.1)(2>1)- 
(1.2) (2.2)- 



(«.!) 
(«.2) 



(1,»)(2,„)..(,,») 



(«.1)(».2)- 
Hence, 

Theorem III. TTie value of a determinant is not altered if the 
horizontal rows are written vertically, and the vertical hori- 
zontally/. 
Again, it is seen from the expressions developed in § II. that in deter- 
minants of the orders 1,2,. ., if two vertical (or horizontal) rows be 
interchanged the sign of the determinant itself is changed ; and if this 
hold good for determinants of the (n — 1 )th order, the signs of all the 
determinants on the right-hand side of the expression for v, with the 
exception of the two eonsecutives, each of which contains only one of 
the rows in question, will always be changed. 

The pair of terms (before the interchange of rows) is 



(M-1) 

(a) 



(M)(M+1)-.(M 

(2.i)(2,z + l)..(2,j 



and have the same or different s 
They become by the interchange 

{1 



+ i)(M + 2)- 

+ l)(2,i + 2)- 



jns, according as n is odd or even, 



(■>■) 



(l,.--l)(l.i+l)- 
(2,>-I)(2,i+l). 



(»,i-l) 



-1) ■•(»..■ 



-2) 


(!.■■- 1) 


-2) 




-2) 


(/3') 



(M+l)(M + 2)- 

(2,! + l)(2,!- + 2)- 



(«,; + l)(«,j + 2)--(V) 



Now if n be odd, these expressions have in their present forms the 
same explicit signs (both +) as (a) and (/3) ; but when we remove the 
first vertical row in each determinant to the end, their sign is changed. 
If n be even, the removal of the iirst row to the end does not change 
the sign, but then (a) and (^') acquire opposite signs to («) and (/3) by 
the first interchange of rows. 

So that whether n be odd or even the result will be a change of sign, 
and consequently the sign of the whole determinant vdW be changed ; 
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and since this is the case for any two consecutive rows, it will be the 
case for any other pair of rows, since one of the pair will have to make 
an odd number and the other an even number of interchanges ; hence 
finally, 



(1,1) (1,2). .(l,z)-.(V). ■(!,«) =- 
(2,l)(2,2)--(2,0--{2^-)--(2,«) 



(1,1)(1,2)..(V).-(M)"(M 
(2,1)(2,2).-(2J)..(2,0..(2,«) 



{«,l)(«,2).-(«J)-.M--(«,n) 



(^,l)(B,2)--M--M--(«,«) 
Hence, 

Theorem IV. If two vertical or horizontal rows are interchanged 
the sign of the determinant is changed. 

and consequently, when two vertical (or horizontal) rows become 
identical, the determinant will be equal to itself with its sign changed, 
in other words it will vanish, i.e. 

(l,l)(l,2)--(l,i)..(l,.-)..(l,») 
(2,l)(2,2)..(2,i)-(2,i)--(2,») 



Hence, 

Theorem V. 



(«,1)(»,2). .(«,;). .(«,,■)■.(».«) 



If two vertical or Iwrizontal rows become identical, 



the determinant vanishes. 

In certain cases a determinant degenerates into the product of two 
others : thus, if 



(.-,1) = 0, (i,2) = 0, . 
(i+l,I) =0, (a + l,2) = 0, . 



(■•,.■- 1)=0 



(», 


) = 0, (»,2) = 0, .. 


«,i-l) 


then the determinant 




= 


(1,1) (1,2) .. (I,,-) . 
(2,1) (2,2) ■■ (2,.-) . 


(2,») 




(.•-l,l)(i-l,2)..(.--l,i)- 
• • •■ (.■,.-) ■ 


•(i-I,») 
('» 



(»,.■) •■ («,«) 
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may be successively reduced uutil the determinant 
(i,i) {i,i + l) .. (i,n) 
{i+l>i){i + hi+l).. {i+ l,n) 

(n,i} (n,i + l) .. {«,«) 

is a common factor of all the terms, the other determinants of the order 
n — i vanishing, for at the (i — l)th stage of reduction there will 
remain only the determinants formed ftom the (n — i + 1) lower rows ; 
but since there are only {n —i + I ) vertical rows in this group, there 
can be only one determinant, viz. that mentioned above. Again, taking 
the first vertical row as the primary, and developing, it would be found 
that the determinant may be reduced until 

(1,1) (1,2) .. (l,i-l) 

(2,1) (2,2) .. (2,;^-l) 

(i-l,}){i-h2)-.{i-l,i-l) 
is a common factor ; but as the whole determinant is homogeneous, and 
of the order n, it foUows that its absolute value is equal to the product 
of these two last determinants ; moreover the sign of the product will 
be the same as that of the given determinant, since the signs of the 
terpis 

(1,1) (2,2) .. in,n) 
(1,1) (2,2) .. (i_l, ;-i) 



are all + ; hence 



(1.1) 

(2.1) 



(1.2) 
(2,2) 



(l.O 



(i-1,1) (i- 



■1,2) .. (i-I.i) 



(l.«) 
(2.») 



• (1-1,«) 



(1,1) 
(2,1) 



(1,2) 
(2.2) 



(»,») 
(.-.f+l) 



(«.•) 
(.-.■) (i,t+l) ■■ (.» 

(i+1,0 (i+i.i + i). •(.■+].») 



-1,1) (.■-l,2)..(i-l,,-I) (»,i) («,i + l) •. (n,,). 

and similarly, if another set - of constituents vanished, one of these 

latter determinants would be equal to the product of two others, and 
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the whole determinant would be equal to the product of three deter- 
miiiauts, and so on. 

Hence, 
Theorem VI. If in the last (n - i) horizontal rows of a deter- 
minant all, excepting the last (n — i) vertical rows, vanish, 
the determinant will be equal to the product of the determinants 
formed respectively from the first i and the last (n — i) luiri- 
zontal and vertical rows. 

lliis' theorem involves also the following : 

Theorem VII. If in one of the parallelograms lohicli is a complemeMt 
of two squares aloitt the diagonal of a determinant all the 
constituents vanish, then all those in the other complement may 
he put ~ 0, without altering the value of the determinant. 

Amongst other particular cases the following may be noticed, 



■ ■ * * ■ ■ * 

■ ■ * i- ■ ■ * 




= 


(1.1) (1,2) • 
(■41) (2.2) • 


• (l.») 
■ (2,«) 


..(l,l)(l,2)--(l,«) 
.. (2,1) (2,2) ..(2,«) 




(«,1) (.1,2) . 


(a,,.) 


■ ■(.■,1)(»,2) ■.(»,») 






(1,1) (1,2) ..(!,») 
» (2,2) ..(2,») 




(1, 


) . (2,2) ... 


(»,«) 



-t * ■■ (»,a) 
which will suggest many others. 

The principles of the present and preceding sections enable us also to 
establish another theorem ; consider the determinant [ 1,2, . . n\ , and 
let H,f3, . . V, « be any whole numbers such that 

• + /3+ ■■+» + «=» 
then by taking « vertical rows oat of the first '.. horizontal rows, and 
forming the determinant 



(1.1) (1.2) ■ 
(2,1) (2,2) . 



(1,.) 
(2,«) 



(•,I)(a,2) .. (.,.) 



|l,2,-.a| 
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and, similarly, taking the next i3 vertical rows out of the next i3 hori- 
zontal rows, and forming the determinant 



(o+l,a+l)(<.+ l,o+2) . 
(o+2,<.+ l)(«+2,o+2) . 



(<.+ 2,/3) 



:ft»+l) (A«+2) ■■ (ft« 
and so on, mitil last k vertical rows be tal^en out of the last tc hori- 
zontal rows ; then forming the determinant 

(v-l-l,»+l)(»+l,v+2) .. (,+ \,i,) = I »+!,. 

(i;-l-2,.'-H)(^ + 2,B-l-2) ■■ (» + 2,«) 

(«,,-H) («,.+ 2) .. (.,,) 
it is clear that the product of the determinants will give all the 
terms arising from the constituents which lie on the squares about the 
diagonal of [ 1,2, . . n | ; and by extendmg the sign of summation 
to all combinations in which no vertical row is twice employed, all 
the combinations in the determinant ] 1, 2, . . 7Z | will be produced; 
and if moreover the sign of the product be made positive or 
negative, according as it requires an even or odd number of inter- 
changes of vertical rows in | 1,2, . . n\ to bring the detenninaiits 
so formed all upon the diagonal of | 1,2, . ■ n\ , there will result, 

jl,2, ..»! =S{± 1 1,2, ■■a\\a+\,a + %-- fS\ ■■ \r + \,v + 2, ■ ■ k\] 
Hence the following theorem : 

Theorem VIII. If in a determinant of the nth order a, &, . . k he 
whole numhers such that a -t- /3 . . 4- k = m, the determinant 
may he expressed as the sum of the products of the determinants 
formed from all the groups of a vertical raws in tfie first 
a hftrizfmtal rows, from all the groups of |3 vertical rows in the 

■ observed tliat no 



next j3 horizontal i 
vertical row is to h 



and 
twice 



on, it 



Thus for example ; (1,1) (1,2) (1,3) ( 1,4) 

(2,1) (2,2) (2,3) (2,4) 
(3,1)(3,2)(3,3)(3,4) 
(4,1) (4,2) (4,3) (4,4) 
= 1 (1,1)(1,2) 1 1 (3,3)(3,4) : + \ (1,3)(1,4) II (3,1)(3,2) 
I (2,1)(2,2) 1 i (4,3)(4,4) j | (2,3)(2,4) 1 1 (4,!)(4,2) 
- 1 (1.1)(1.3) 1 1 (3,2)(3.4) I - 1 (1,2)(1,3) Ij (3,4)(3,1) 
(2,1)(2,3) 1 1 (4,2)(4,4) | | (2,2)(2,8) 1 1 (4,4)(4,1) 



|(1.1)(M)| 

(2,I)(2.4) I 

■1(1.2)0.4)1 

! (2,2)(2,4) 



(•5.2)(3.3; \ 
(42)(4.3) I 

(3.1)(3.3) I 
(4,1)(4,3) ! 
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The following are examples of the application of these theorems : 
Let there be four planes intersecting in a point, two of them passini^ 
through the axis of z, their equations will then be 
h + Jill/ + 7iz + k = 
hx + m,y + n^z + S, = 
l^x + m-27/ ^^ 

liX + m^ = 

and the determinant formed from them will degenerate into the product 
of two others, thus, 

I /j (^2 I I Ji A j = 
; /s mj I I K| ^, I 

which is satisfied by either of the following equations, 

the first of which is the condition that the third and fourth planes shall 
coincide ; the second expresses that the four planes intersect in the 
axis of ST at a point where 

k A, 



Hence, either the four planes intersect in this point, or the third and 
fourth coincide. 

As another example ; the equations to a cone and its reciprocal ha^'c 
been shoivn to be 

Ax^ + V,f + C^^ + 2{Vyz + Gzx + \lx>i) = 
A H G^ =0 
H B F 7, 
G F C ? 
^ 7, K Q 
and if 

A ^ 0, B = 0, H = 

the first degenerates into the two planes, 

z = 0, 2G.r + 2F!/ + Cz = Q 
and the second into the two coincident planes, 

|GM|GFj=|G|p = 

I F 5) I I ^ t}\ \ ^ v\ 
which are perpendicidar to both of the former planes, as they should 
be. 



C2 
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§ IV. — On the Connexion between Deierminants and Linear 
Equations. 

It was seen above that determinants of the order 1,2, . . are the 
results of the elimination of 1, 2, . . variables from the same nimrber of 
linear equations ; suppose that this holds good for n variables, then 

(1,1) (1,2) ••(!,») =0 

(2,1) (2,2)-. (-a,.!) 

(»,1) (n,2) .. («,») 
will be the result of the elimination oi x^jX^, . . x„ from the equations 
(l,l)i, + (1,2)1, + .- + (I,»)i, = 
(2,l)i, + (2,2)»s 4 • ■ + (2,»)i. = 



(K,l)i, + (»,2)^i + .. + (»,«)!, = 

If, however, the second members of these equations instead of being 
zero are Ui, Wj, . . u„, the system may be written thus. 



((l,l)-^)», + (l,2)m 
((2,1)-|),, + (2,2)«,1 



f(l,n)i. = 
^ (2,»)«'. = 



and the following determinant deduced, 

(1,1) -I- (1,2) ■•(I,«) 



(2,1) - t 
(«.l) - ' 



(2,2) . . (2,«) 
(»,2) ■• (»,») 



or by Theorem I. 



(1.1) (1,2).. (l,a) 
(2,1) (2,2).. (2,«) 



(»,1)(»,2)..(»,») 



,„(1,2)..(1,,>)| 
u, (2,2) . . (2,«) 



«.(»,2) •■(»,») 
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with similar expressions for x^, x^^ - - ^„ ; so that the given equations 
are completely solved. If moreover 

», = - (1,0)1, u, = - (-2,0)1 ■■«.= - (»,0)» 
it would be found, by the method employed above, and by Theorem IV., 
that 



(1,1) (1,2) ..(!,,.) 
(2,1) (2,2) •• (2,») 



(1.2) (1,3) 
(2,2) (2,3) 



•(1,0) 
• (2,0) 



(1,2) (1,1)- 
(2,0) (2,1) ■ 



(I,»- 
(2,«- 



(»,1) (»,9) ■■ (a,«) (»,2) («,3) .. (»,0) (,,0) (,,1) ■■ (W-l) 

the upper or lower signs being taken according as(?i+l)isoddor 
even. And if in addition to the given equations there exist the 
relation 

(0,0)1 + (0,l)i,+ ■■ +(0,»)r,.= 

the substitution of the values of the ratios .r : x, : ■ - ^„ from the 
previous equations will give rise to the determinant 
(0,0) (0,1) ■■ (0,») ; =0 
I (1,0)(I,1)..(1,») 

(«,0) (»,!)■• («,») i 
which is therefore the result of the elimination of x, x^, . . x^ from the 
(n -!- 1 ) linear equations 

(0,0)^ + (0,1}a 4- ■■ + {0,nK = 

(l,0)a-+ (1,1):p, + ■.+(l,ftK = 

(n,0)jr + {n,l)3r, + ■ ■ + («,w)ar„ = 
And as it has been shown that this holds good in the cases where 
« - 1, 7i = 2, . ., it follows, 

Theorem IX. A determinant of the order n is in general the 
result of the elimination ofn variables from n linear equations, 
whose coefficients are the constituents of the determinant. 

Conversely, 

Theorem X. If a determinant of the nth order vanishes, a si/sfem 
of n homogeneous linear equations, the coefficients of which 
are the comtituents of the given determinant, may always be 
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By Theorem III. it also appears that this theorem holds good whether 
the determinant be resolved according to its vertical or its horizontal 
rows. 

This being the case, recourse will be had to the properties of linear 
eq^uations whenever they will simplify the establislmient of theorems 
relating to deteiimnants. 

Besides the cases noticed in the introductory section, the following 
are examples of this theorem. 

The condition that three straight lines may be parallel to one plane 
will be given by the elimination o£x, y, z, from the equations, 
Ix + nip + nz = 
lix + mij/ + uiz = 
l^x + m^y + K52 = 
i.e. by the determinant 

■" I / ». « I = 

/[ m\ rii 
I h ^1 "2 I 
The condition that four planes may pass through a point will be 
given by the elimination of ^, y, z, from the equations 
Ix -^^ my + nz -{■ k = 
l,x + Miy + niz + ki = a 
l^x + miy + n-^z + A^ = 
l^x + m^ + KgS + ^3 — 
i.e. by the determinant 



all of which when developed will be found to agree with the usual 
conditions. 

The following example is of frequent occurrence in geometrical 
questions. To find the equation to the cone reciprocal to the cone 
hx^ + B/ + Cs^ + 2 {?yz + Gzx + E.xy) = 
Iff, I), ^ be the co-ordina;tes of a point on the reciprocal cone, the 
conditions that the radius vector of this point shall be perpendicular 
to the tangent plane along the line containing the point (^, y, z) will be 
A.X + Hy -\- Gz + e^ ~ Q 
Ha; + By + Fz + ^9) = 
Gx + 'Py±Cz Ar e^=Q 
^x + T/y + ^ =0 



Im 


n k 


I, nil 


»,«, 


l,m,7i,h. 


4^3 


».*. 
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AHG{ 


H B F, 


G F C f 


E , ? 



Hence eliminating s, y, £■, fl, together, the equation to the reciprocal 
cone mil be 

The equation to the given cone may also be thrown into the form 
of a detenuinant ; for writing the above equations in the following 
manner, 

^1 + + + AiB + Hj/ + Gz = 

+ 5i7 + + Ha: + B^f + Fs = 

+ + ^f + G:c + Fy + C2 := 

and eliminating S^, h, K-, there results 

I Aa^ + % + Gs =0 

1 Hjr + B?/ + Fz 

1 Ga: + Fv + Cj 

X y z 

the same method is obviously applicable to any surface of the second 
order, and the equation 

Kx^ + B/ + Cz' + 2(F^3 + G.ZX + Wxy) + La; + My + Nz - K = 

may be written in either of the following ways, 

1 A^ + % + Cz + L =0 
1 Ha: + By + Fs + M 

1 G:5 + Fy + Cs + N 



I A^: + riy + Gz 
1 Ila^ + By + Fs 
1 Gjr + Fy + Cs 
1 Lar + My + N^ 
xyz\ K 

Another form of the equation to a surface of the second order, similar 
to that to the reciprocal cone, will be given hereafter. 
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§ V. — On the Products and Powers of Determinants. 

Consider the same system of linear equations as before, and also the 
derived system, 

{1,1)'«, + {l,2)V, + .. + (I,«)'», = », 
(■2,I)'a, + (2,2)'», + .. + (2,»)'a, = «, 



(«,!)'»] + («,2)'!(s - 



+ (»,«)'», = V 



{(l.l)'(l.l) + (1.2r{2,l) + ••)»■ + {(1,1)'(I,2) + (1,2)'(2,2) +..)», + ■•=», 
((2,1)'(1,1) + (2,2)'(-2,l) + ■.}!,+ {(2,1)'{1,2) + (2,2)'(2,2) +..}!, + .■=.., 

{(»,1)'(1,1) + («,2)'{2,1) + ..)xi + {(»,1)'(I,2) + («,2)'(2,o) +..},,, + ..=»■. 
the latter system then gives 

(l,l)'(l,I) + {l,2)'(2,I)+..(I,l)'(l,2)+(l,2n2,2)+.. ■.(l,l)'(l,») + (l,2)'(2,n)+-- 
(2,1)'(1,1) + (2,2)'(2,1)+ . ■ (2,!)'(1,2) + (2,2)'(2,2)+ • ■ ■ • (2,I)'(1,») + (2,2)'(2,») + ■ ■ 

(»,l)'(l,l) + (n,2)'(2,! ) + ■ . (»,1)'(1,2)+ (»,2)'(2,2) + ■ • ■■ {n,ir{\,n)+ (»,2)'(2,») + ■ ■ 

(2,1)'(I,1) + (2,2)'(2,1) + ■ . (2,1)'(1,2) + l2,2)'(2,2) + ■ • • • (2,1 )'{!,») + (2,2)'(2,») + . 

(,i,l)'(l,l)+(»,2)'(2,l)+--(».l)'(1.2) + ('>.2)'(2,2)+.. ..(a,l)'(l,») + («,2)'(2,n)+. 

on the other hand, writing the two systems of linear equations as one 

system thus, 

(1,IV, + (l,2>s + .- + (i,»>. - 1/1 + » +■•+ » =0 
(2,!)j;, + (2,2>, + .. + (2,a>, + » - «, +■•+ » =0 

{n,l)j, + (n,2>2 + -. + Oi,n>„ + * + * + ■- - u„ = 
» + » + •■ + ■» + (l,l)'a, + (l,2)'«s + --+ (1,b)'i,, = o, 
■T + * +••+ iS + (2,1)'!,, + (2,2)' »,+■■ + (2,.i)'«, = i.s 

* + * +•■+ * + (",l)'wi + (k,2)'M2 + ■■ + (K,ii)'w„ = w„ 
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there may be deduced, 

(1,1)(2,I)..(„,1) , , . 
(1,21 (2.2) •■(»,2) -t- » • 

(I,-) (2,») •.(«,,.) » r ■ 
-I , •• » (1,1)' (2,iy • 
» -1 .. » (1,2)' (2,2)' . 



(»,iy 

(».2)' 



(I,9)(2,2)-.(»,2) , 



(1,«) (2,») 



, .. -1(1,,)' (3,,)'.. (,,„)' 

so that comparing the two systems, 
(1,1)'(1,1) + (1,2)'(2,1)+.- (1,I)'(1,2) + (1,2)'(2,2)+. 
(2,1)'(1,1) + (2,2)'(2,1)+- 

(»,l)'(l,l) + («,2)'(2,I)+- 



(1,1)' (2,1)' ■ 
(1,2)' (2,2)' . 



(».l)' 
(«>2)' 



-l(l,n)'(2,»)' ■■('.,«)' 



(2,l)'(l,2) + (2,2)'(2,2)+- 
(n,l)'(l,2) + (»,2)'(2,2)+- 



■.(l,l)'(i,») + (l,2)'(2, 
■•(2,l)'(l,») + (2,2)'(2, 



,)+■ 
,»)+• 



(1.1) (1.2) 
(2,1) (2,2) 



■ (1,») 

■ (2,») 



(1,1)' (1,2)' ■ 
(2,1)' (2,2)'. 



..(»,l)'(l,n) + (»,2)'e2,»)4 

(I.-)' 
(2,.)' 



(«,iy (,,2)'.. (»,»)' 



(«,1) («,2) ■■ (»,») 

With respect to the formation of the constituents of the product, 
may be noticed that if the first member of the above equation 
written thus, 

(l,l)"(l,2)"..(l,»)" j 

(2,1)"(2,2)"-.(2,K)" 



(,,1)"(«,2)"-- (»,»)" I 



and the equation thus. 



then (i, /)" is tlie sum of the products formed by taliing in order the 
terms along the ith hoiizontal row of y' and multiplying them by the 
terms along the jth vertical row of v (or vice versa) ; or since the 
vertical rows may be changed into horizontal, it may be said that (i, j)" 
is the sum of the products made by taldng the terms along the ith 
horizontal row of v with those along the /th horizontal row of v' (or 
vice versa). 
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In the case where 
(1.1)' = 
(2,1)' = 



(1.1) (1,2)'= (2,1) ..(l,«)'=(«,l) 

(1.2) (2,2)' = (2,2) .. (2,»)' = (»,2) 



(«,!)' = (1,») {«,2)'=(2,») •■(,,«) 
the above expression becomes 
[\,ir + (2,ir^ +..{1,1)(1,2) + ('2,1)(2,2)+-- . 
{1,2)(1,I) + (2,2)(2,1)+-- (1,2)-^ + (2,2)^ +■■ ■ 



(1,7*)(1,1) + (2,«)(2,1)+. 



(1,«)(1,2) + C2,«)(2,2)+.. 
(1,1) (1,2) -.(U) 
(2,1) (2,2) ■■ (2,n) 



. {n,n) 



.(1,1)(I,H)+(2,1)(2,«)+.. 
.(l,2)(M)+{2,2)(2,«)+. 



(hnr + i2,ny- +. 



(n,l) (nfi) ■■(«,«) 
Conversely the product of two determinants or the square of a deter- 
minant may be resolved into a single determinant, as above. 

Hence the following : 
Theorem XI. A determinant whose constituents are linear Junc- 
tions of given constituents, the coefficients being the same 
for each horizontal row, is eqv/il to the product of the txm 
determinants whose constituents are the given constituents and 
the coefficients respectively. 

This formula is capable of many applications, some of which are 
shown in the following examples. 

The condition that three straight lines lie in a plane is independent 
of the direction of the co-ordinate axes ; in fact, the condition in 
question is, as was shown above, 

\l m n 1 = 

I i" m" 7i" j 
and if the directions of the co-ordinate axes be changed, this becomes 



at + 13m 


+ TJi a'Z + ^'m + ry'K 


«"( + li'm 


+ 7"» 


J + ^m 


-t- 7m' a'l' + ^m' + 7'w' 


»";' + r» 


+ 7"»' 


al" + ^m 


' + 7k" a'l" + ^'jk" + yn" 


<."(" + /3"m 


' + 7"« 




= » ,3 7 ' -» " 


= 






a' ff Y r „' n' 








a!' /3" 7" i" i»" a" 
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which coincides with the original condition, since the first factor 
cannot vanish, as the three co-ordinate axes cannot be in one plane. 

The condition that a surface of the second order has no centre is 
independent of the direction of the co-ordinate axes ; in fact, the 
condition is 

I A H G I = 
H B F 



AP+ ■■ 


Aim + ■ ■ 


a;« + • ■ 


= 


1 


Ami + • 


km' + • ■ 


Amn + • ■ 




r 


Anl+ •■ 


Anm + ■ 


Am- + ■■ 




1" 



which by a change of the direction of co-ordinate axes, and by writing 
for brevity 

Aj:- + ■■ = Aa;3 + hy"- + C/ + 2 (Fj/e + Gzx + Hx^) 

Ax'i^ ■■ = hx^ -f By>j -h Cz^+ ^[yK+ ^n) + G[z^ + xi) + U{xri -;- ^^) 

I - I A JI G I = 

H B F 
I I G F C |- 
which, as in the former case, proves the proposition. 

The following examples ai'e taken from an interesting Memoire by 
M. Joachimsthal. Crelle, tom. xxxix. 
Let the equation to a conic section be 

1 + 1-1=0 

and let (^,3/), {x',^'), {x",7/')he three points either situated upon 
the curve or not ; also let 



v^'. 



■ 1 = (2,2), 
- 1 = (3,3), 



then writing 

I 1,2,3 i ^ 





1 = (2,3) 




1 = (3,1), 


f + a'-i 


= (1,2), 



ii 
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where A is the area of the triangle whose angular points are at {x, ij), 
(a/, y'), (s", y ), there results 

|1A3111A3|'=-*J 

but by the theorem of the present section 

l,-2,3 I I 1,2,3 1'= I (1,1)(1,2) (1,3) I 
(2,1) (2,2) (2,8) 
(3,1) (3,2) (3,3) I 
and consequently 

A = 4<iS{- (1,1) (2, 2) (3,3) + (1,1) (2,3)' + (2,2) (3,1)'+ (3,3) (1,2)' 

-2(2, 3) (3,1) (1,2))* 
This formula comprises a large number of theorems. 
When the triangle is inscribed in the conic 

(1, 1) = 0, (2,2) = 0, (3,3) = 
and i£ J", g, k he the chords joining the points two and two, and 
F, G, H the semi-diameters respectively parallel toy; g, h. 



«' ^ i' ~ p 



- 2(2, 3) 

-2(3,1) = L-':_-^+(y::^„.^ 



and consequently 

which expresses, that, twice the area of a triangle inscribed in an 
ellipse is to the product of the principal axes as the product of the sides 
is to the product of the diameters parallel to them. 
If the ellipse becomes a circle, 

a = 6= F = G = H = 7- 

where r is the radius of the circle, and consequently 
4r 

and dividing this by the corresponding equation in the ellipse, 
FGH 



yGoosle 



and consequently 

The radius of a circle which passes through three points ou an 

ellipse is equal to the product of the semi-diameters parallel to . 

the sides of the inscribed triangle, divided by the product of the 

semi-axes. 

The equation to the conic, when referred to one of its foci as the 

origin, is 

x^ + f - X^{x-\-p) =0 

And if li, V, w be the three focal chords parallel to the three sides 
of an inscribed triangle, s another fbeal chord perpendicular to the 
major axis, and r the radius of the circle passing through the angular 
points of the mscribed triangle, there would be found, by a process 
similar to that used above. 

In the general formula given above, when the three points are con- 
jugate, that is to say, when the polar of each passes through the other 
two, we have 

(2,0) - 0, (3,1) = 0, (1,2) = 

and the expression (^ +^2)^ is equal to the distance of any point 

from the centre of the conic, divided by the semi-diameter parallel to 
that distance ; so that if e, e', e" be the distances of the three coryugate 
points from the centre, and d, d', d" the semi-diameters respectively 
parallel to them, the area of the triangle will be given by the equation 



§ VI. — On inverse Si/stems, and Determinants of Determinants. 

Consider the linear equations 

(1,1 )i, + (l,2)i, + .. + (l,n)i. = K, 
(9,1)1, + (2,2):t, + .. + (2,»)i. = «, 

(n,I)j, + (»,2)*, + . + (»,»)x. = ». 
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the solutioiis of which may be thus written, 

I 1,2, -. « 1 ,, = [1,I]«, + [1,2]». + 
I 1,2, -• n ] I, = [2,l]ti, + [2,2]», + 



i 1,2, 



• [ J, = [n,l]i(, + [«,2]a, + . 



+ [1,«]». 
+ [2,»].. 



- [n,u]u„ 



where the values of [1,1], [1,2], . . are known by what is gone 
before, being in fact the coefficients of (1,1), (1,2), . . in the develop- 
ment of [ 1,2, . . n\ when the rows in which those quantities stand are 
respectively taken first in the development. The functions [1,1}, 
[1,2] . . possess some remarkable and useful properties, which it is now 
proposed to investigate. 

In the first place it is seen by multiplying the last, or, as it will 
generally be called, inverse system of equations by the factors 



(la). (1,2,) - 

(2,1), ('2,2), . 






(«,1), («,2), .. {n,n) 
tliat the following relations are produced 
(l,i)[l,l] + (l,2}[2,l]+--=V. (l,l)[l,2]+[l,2)[2,2]+..=0, •■ (1,1)[1,«}4- (l,2}[2,n]+ • ■ =0 
{2,l)[l,i] + {2,2)[2,l]+--=0, (2,l)tl,2]+(2,2)[2,2]+..=v. •■ (2,l)[l,n]+(2,2)[2,n]+ ■■ ^0 



(",lKl.l]-l-K2)[2,l]+--=0, («,l)[l,2] + (?;,2)[2,2]+ ..=0, 
where 



{»,l)[l,»] + (>,,2)t2,»]+. 



and formiHg the detelininaiit of the expressions on the left hand sides 
of these equations, and also that of those on the right hand sides, and 
equating the results, it is found 

(l,l)[l,l] + (l,2)[2,l]+--(l,l)[l,2] + (l,2)p,2]+-- •■ (l,l)[l,ii] + (l,2)[2,ii]+.. 

(2,1X1,1]+ (2,2)[2,1]+ ..(2,l):i,2:+(2,2)[2,2]+-. ■• (2,l)[l,n] + (2,2)[2,«]+ •■ 

(»,l)[l,l]+(«,2)[2,l]+.-{»,l)[l,2] + (»,2)[2,2]+.- ■• (»,l)[l,>i] + (2,2)p,»]+-- 

V * ■• 
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r by Theorem XI. 

(1,1)(1,2)..(1,») 
(2,1) (2,2) ■• (2,ii) 

(«,1)(«,2) .. (»,») 



[1,I][1,2]..[1,»1 
[2,1][2,2J ■■ [2,»] 



[«,I] C»,2] ■• [»,»] 



[l,l][l,2]..rl,«] 
[2,1] [2,2].. [2,..] 



[«,l][n,2] ..[«,»] 

A more general theorem may, however, be deduced as follows : 

II, = 0, u^= 0, ■■ M,-= 0, 
the latter equations give rise to the following, 

p + l,i + iy,„ + [■ + I,i + 2]«,^, + .. +[i+ 1,»]„,. = I 1,2, .. 

[i + 2,i + 1]«„, + [i + 2,i + 2]«„, + ••+[.■ + 2,7i]«. = I 1,2, .. 



[»,i + I]..* 



[»,t + 2]»„, 



■■ + [vj«. 



I 1,2, . 



"Whence also the inverse system, 

[i + l,i + 1] [i + 1,.- + 2] 
[i + 2,1 +1] p + 2,.- + 2] 



I 1,2, •• » I 



[»,,■+ 1] [«,i + 2] 

p + 2,i + 2] p + 2,i 
p + 8,i + 2] p + 3,i 



P + 1,»] 
[.' + 2,»] 



p!,n] 



+ 3] .. P + 2,»] 
+ 3] .. p + 3,n] 



[»,.- + 2] [«,1 + 3] 



[n,n] 



Now writing the first i equations of the given system thus, 

(1,1 )«, + (1,2)1, + ■■ + (l,i)».= - (1,« + l)»n.i - ■■ - (l.«) 
(2,1)1, + (2,2)»,+ .. + (2,.-)i,= - (2,t + 1)1!,,, - .. - (2,») 



(.■,1)«!, + (.-,2)^, 



+ (i,i)», = _(;.;+]); 



■ (.»>■. 
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there may be deduced, 

(1,1) (1,2) .. (I,i) 

(2.1) (2,2) .. (2,i) 

(.-,1) (.-,2) .. (i.i) 

(1.2) (1,3) •■ (1,1) 
(2,2) (2,3) .. (2,1) 

(.■,2) (,,3) .. (i,l) 



(l,i+l)(l,2).. (1,0 1. 
(2,,+ l)(2,2).. (2,0 ! 

(;,; '+ 1) (;,2) ■■ (i,i) 

(l,i+l)(l,3).. (1,1) 
(2,i + l)(2,8) .. (2,1) 

(.>■ + 1) (.-,.3) .. (i,l) 



I (1,0(1,1) ■• (1,.- 
(2,0(2,1).. (2,i 



(V)(i,l) .. (v-1) 

j 1,2, ■ . i I x, = ± 



1 1,2, .. 



= - 


(l.i+ 1)(1, 
(2,1 + I) (2, 


) ■■ (l.i- 
) ■■ (2,.- - 


1) 
1) 




(W+I) ('^l 


) .. (.-.; - 1) 


(1,2)(1,3).. (1, 
(2,2) (2,3) .. (2,. 


+ 1) 
+ 1) 


^,- + ] . • 


(i,2)(.',3) .. (i,. 


+ 1) 




1,3) (1,4) .. (1,1) 
2,3) (2,4) .. (2,1) 


^, + i .-, 


(i-,3) (.■,4) .. (■>■) 




(l,i+ 1)(1,1) .. 
(2,i+l)(2,l).. 


(l.i-1) 
(2,i-l) 


^< + 


(■. 


+ 1) (■M) ■• 


('■>• - 


1) 





|1A 



so that 

M,.^, = (i + 1,1)^, + {; + l,2):ra + ..+ {i+i,i + 1)^,,^, - 
=z I 1,2, .. i\-' I 1,2, •■ ; + 1 i^/-M +■■ 

and consequently, substituting in the former expression : 

equating the coefficients oi x^^, 

P + l,i+l] [i+l,, + 2]..[.-+l,»] 
[i + 2,i + 1] [; + 2,.' + 2] . ■ [i + 2,n] 



[«,i + 1] [»,i + 2] 

[i + 2,i + 2] [i + 2,i + 3] .. [i + 2,«] 
[i + 3,! + 2] [i + 3,i + 3] .. [i + 3,»] 



[«,»] 



- 2] l;i + 8] 



[»,»] 



011,2,. 
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and similarly performing this method of reduction (j) times, it would 

at length be found that 

[i + l,i + 1] [i + l.i + 2] .. [i + 1,,] 
[i + 2,; + 1] [t + 2,i + 2] ■■ [i + 2,n] 



p+,;+i,;+i+l] [.■+i+l,i+i+2]-[i+i+l,»]|| l,2,--'.|J|i,2,--.-| 

ri+i+2,i+; + l] [;+_,•_,, 2^i+j-+2].,[i+j + 2,»] x 1 1,2, ■ • i +ij "' 



[«,i+j + l] [«,i+i + 2] .. [«,»] I 
This formula includes as a particular case M. Jacobi's theorem, 
viz. if 

then 

[.■+i,i+l] [.■+l,i + 2] ..[.■+!,»] =|l,2,-.»l-'-i]|l,2,..t||l,2,..»-I|-'[>w] 
- - = ll,2,..»|"-'-> 1 1,2,-. 'I 



[i+2,i + I] [i + 2,i + 2].. [i + 2,,] 



ln,i + 1] [«,.■ + 2] .. [«,«] 
As particular cases of the latter theorem the following may 
noticed, 

I [„,»-]] [»,»] I 

[n-2,«-2] [n-2,H-l] [K-2,«] I = | ],2,. 
[«-l,»-2] [»^I,«-1] [a-I,n] 
[ [»,»-2] [«,»-!] [»,»] I 



11,2, -■ n — 2\ 
«1« I 1,2,. .»-3] 



[2,2] [2,3] ■■ [2,«] 

[3,2] [.3,3] ■• [3,n] 

[»,2] [»,3] ■■ [n,«] 

[1,1] [1,2] ■• [1,«] 

[2,1] [2,2] .. [2,«] 



= il,2,..»|-'(l,l) 



= |1,2,..«|" 



[r!,l] [n,2] .. [»,»] 
There is a large class of determinants whose constituents satisfy the 
conditions 

, (1,2) =(2,1), ..(1,») = (»,1) 

(2,1) = (1,2), « ■.(2,») = (»,2) 

(«,l) = (l,>i), («,2) = (2,»), .. . 



y Google 



34 

aiid it is observable that by taking the system of conditions between 
(1,1), (1,2) . . , and [1,1], [1,2], . . given in the early part of this 
section, and omitting those lying upon the diagonal, there may be 
deduced 

[1,1] : [1,2]: ..[M]=.[U] : [2,1]: --[^.i] 
;[2,i] : [2,2]: .■[2,«] :[i,2] : [2,2]; ..[^,2] 

:[«,!] : [«,2]: ■-[«,«] :[!,«] : [2,«] : ••[■«,«] 
or 

» [1.2] = [2,1], ■■ [1,»] = [«,!] 

[2,1] = [1,2], » .. [2,»] = [»,2] 

[»,1] = [1,»], [»,2] = [2,»], •■ » 

It is perhaps worth while to write down the developments of the 
determinants belonging to this class for the cases n-3 and ra = 4. 
These are as follows ; for « — 3, 

(1,1)(2,2)(3,3)-(1,1)(2,3)'-(2,2)(3,1)>-(3,3X1,2)' + 2(2,8)(3,1)(1,2) 

and for n = 4, 

(1,1) (2,2) (3,3) (4,4) 
-(2,2) (3,3) (l,4)<-(3,3) (1,1) (2,4)"- (1,1) (2,2) (3,4)' 
-(1,1) (4,4) (2,3)>-(2,2) (4,4) (3,l)'-(3,3) (4,4) (1,2)> 
+ (2,3)' (1,4)' + (3,I)'(2,4)> + (1,2)" (3,4)' 
~2{(1,2) (1,3) (4,2) (4,3) + (2,3) (2,1) (4,3) (4,1) +(3,1)(3,2)(4,1)(4,2)} 
+ 2(1,1) (2,3) (2,4) (3,4) 
+ 2(2,2) (3,1) (3,4) (1,4) 
+ 2(3,3) (1,2) (1,4) (2,4) 
+ 2(4,4) (2,3) (3,1) (1,2) 
The equation to a cone, or other surface of the second order, may 
now be expressed in the same form as that to the reciprocal cone ; for, 
adopting a usual notation, let 

9 = [1,1], J3 = [2,2], (I = [3,3] 
Jf = [2,3] = [3,2], (5 =[3,1] = [1,3], |i} = [1,2] = [2,1] 
the equation to the reciprocal cone will be 

^f + mv^ + €t' + 2(jF^?+ ©e? + mv) = 

80 that unless 



A 


H 


G 


H 


B 


F 


G 


F 


C 



y Google 



35 



a process similai' to that employed in § III. will give for the equation 
to the cone reciprocal to that above given, i.e. to the original cone, 

m « 

«B J a 
y ' 

As an example, let it be proposed to investigate the conditions that 
the roots of the equation 

(1,1) -O (1,2) .. (1,>.) 
(2,1) (2,2) -e.. (2,») 

(«,i) (»,2) •■ («,») - e 

(in which it is supposed that (1,2)=: (2,1) . .) shall be all positive. By 
what has been shown before, this equation may be resolved into systems 
of the following form, 

(l,l)»i + (1,2)», + -■ + (l,>!)i. = e,i:, 
(2,1)», + (2,2)i, + ■■ + (2,n)x, = »,», 



(n,l)i, + (»,2)i, + •■ + (>i,ii)». = e,t, 
where fli is a root of the given equation ; the other systems being formed 
by writing, y„ y^, , . g„, S^ . . successively for Xi, x.^, . . jr„, 6,. And if the 
systems of variables 3;,y,.. be subject to the conditions 

X\ -^ ^^ + ■• + ^n = 1 

yi^ + ^2^ + ■ ■ + y«^ = 1 

the following equations may be formed, 

(1,1)1,1 + ■•+2(1,2)1,1, + ..= e, 
(l,I)»'+--+2(l,2)i,,j,, + ..= (?, 

fl,, flg, . . being the roots of the given equation. The following inverse 
systems may be easily formed ; 

[1,1>, + [l,2]i, + . . + [l,a>, = e,!, 

[2,1>, + [2,2>, + . . + [2,»].. = 0,1, 

[«,!]», + [«,2]i, + ■ . + [n,«]i. = e,i, 
[1,IK + ■•+ 2[l,2>,i, +-- = e, 
tl,l]yi' +-.+ 2[l,2]y,5, +.. = e. 
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and similarly, by using the expressions [1,1],, [1,2],, . ., | 1,2, . .i\, 
there might be formed the inverse systems when {n - i) of the variables 
are equated to zero, and ^ out of the n variables are selected for the 
transformation. 

Now since one condition of the problem is obviously 
1 1,2, ..71 I >0 
it will be sufficient for the present purpose to determine the relations 
among the coefficients, in order that the above systems of quadratic 
functions, or those formed when i variables only arc used, may remain 
positive for all values of the variables. And since the n variables 
jTi, JTs, . . s„, are subject to only two conditions, (ra _ 2) of them will 
remain independent, and if all the groups of {n — 2) be successively 
equated to zero, there will result a scries of conditions, of which the 
following is one, 

(1,1) a:,^ + (2,2) xa^ + 2{1,2) Xt x^ > 

these give rise to a series of conditions among the coefficients, of which 
the following is one, 

I 1,2) > 
The inverse system in the case of two variables presents no new 
feature, but if the inverse system be formed with three variables, and 
one of them be then equated to zero, there will be formed with 
.r,, Xi, .Tj, the following system of conditions, 

[2,2]3^/ + [3,3]3a:B« + 2[2,3]3a:5X3 > 

[3,.3]3.r3^ + [1,1]3V + ^I3,\]^,x, > 

[l.ljas-i^ + 12,-22^2^ + 2[I,2V,a;2 > 

whence also the following, 

(1,1) i 1,2,3 I > 0, (2,2) ] 1,2,3 I > 0, (8,3) | 1,2,3 j > 
with similar conditions for all the other ternary combinations of the 
variables. 

Again, with s^, .z,, .r^, jr„ there would be formed six conditions, of 
which the following is one, 

[1,1>,' + [2,2Va^ + 2[l,2>>,:r, > 
there would be thence deduced 

I 2,3 I |1,2,3,4 I > 0, I 3,1 1 1 1,2,3,4 | > 0, | 1,2 | [1,2,3,4 | > 
] 1,4 I |1,2,3,4 I > 0, I 2,4 I [1,2,3,4 | > 0, j 3,4 | [1,2,3,4 [ > 
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But, on account of the conditions found in the ease of two variables, 
these are equivalent to only one, viz, 

! 1,2,3,4 ] > 
with similar conditions for all the other quaternary combinations of the 
variables. 

Similarly, the next series of conditions would contain the following, 
I 1,2,3 j I 1,2,3,4,5 I > 
which, by what has gone before, is equivalent to 

(1,1) I 1,9,3,4,5 I > 
and similarly for all the other conditions belonging to this group. 
And hence generally, i being any positive whole number, there will 
be a series of conditions, of which the following form a pair, 
I 1,2, . . 2i I > 
(1,1) I 1,2, ■.2i± 1 I >0 
the number of conditions in these eases will be respectively 
„(„_l)..(„-2,- + l) 



and 



(2.- + 1) 



■ (2.-) 
-I)..(.-(2t + 1)H 



1) 



l,2..(2i + l) 

and the whole system of conditions may consequently be comprised 
under the two general formulie. 



{ki>k,) (.l„Aa) .. (Ai,Aj,) I > 0, {kj,lij) 
(i„l,) (i„«,) •■ («,*,) 



(J,,*,) (*„ij) .. (J„S,u,) 
(*»«,) (4„4,) .. (J„/i»i,) 



> 



(*«*„) (*«,«,) ■•(«»«.,) I (*Ml,*i)(»!,±l,*.) ■•(*«„*„,) 

j being any number comprised between the limits 1 and (2i ± I) 
inclusively. 



§ VIL — Expressions for a Determinant and its Constituents in 
Terms of its differential Coefficients. 

It appears from the preceding section that a determinant may be 
expressed in any of the following forms, 

V =(1,1) [1,1] + (1,2) [2,1]+ .. + (l,»)[n,l] 
= (2,1) [1,2] + (2,2) [2,2] + . . + f2,n) [»,2] 

= («,!) [1,»]+ {»,2)[2,»]+ .. +(»,,.)[»,»] 



y Google 



and consequently 

SO that Dv may be expressed as follows, 

= [1,2] <f(2,l) + [2,2]rf(2,2) + •■ + [n,2] (if(2,w) 
= [!,«]<;(«, 1) + [2,«]rf(»,2) + -. + [t;,^] *;(K,«) 
Inversely also, 

Dv = 0,1)41,1] + (2,1)41,2] + .. + («,1)41,»] 
= (1,2)42,1] + (2,2)42,2] + .. + (»,2)42,n] 

= (!,») <i[»,i: + (2,n) <;[«,2] + . . + (,,„) rf[»,«] 

and similarly for the coefficients (2,1), (2,2), . . (3,1), (3,2), . . . . 

By means of these properties a certain class of linear equations may 
be reduced to a remarkable form. 

The solutions of the equations 

(l,l)i, + (1,2)1, + .. + (1,»)».= «, 
(l,2)a:i + (2,2)^3 + -■ + (2,K)ar„ = % 

(],ii)i, + (2,n)i, + •■ + (a,«)i:. = a. 
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be thus written, 




'""rf(i;i)"'+<;(i;2)"' + 


* d{hn) 


d^ , dv 


4. ''V , 


dr; , dr! 





and if there be a series of systems hke the above in which the unknown 
quantities are 



respectively, the coefficients remaining the same, and the second 

members of the systems being 

S(l,l), 8(2,2)+ ((1,2)), .. Sin,n) + i{l,n)) 

g(],l) - ((1,2)), g(2,2), .. S{n,n) + ((2,«)) 



S(l,l) -((!,«)), 8(2,2) - ((2,.0), ■■B{n,n) 



then 



.2) + •■ +3(i|j«(»''') + » + iIp-)((''^))+ ■• +<;Tra«>'«)) 






dy 

■•-dil,,] 

whence 



,s('.i)+;sS„s(2.2) + - + 3Sr)«M 



i^V 



rf(«,»)°'""'' <!,»)' 



,((!.»» ■ 



,!V 



((2,»)) • 



V(^l.l + a^2,2 + ■ ■ + iJ 



= sv 



a^l,l + Jf2,2 + ■ ■ 



The following theorem, given by M. Malmsten, will exempHfy the 
use of determinants and the notation above adopted. 
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Let it be required to find the nth particular integral of the equation 
(0,n) + P(0,«-1) + .- + T(0,0) = 
where 

,0,0)=,, m = f, ■■(<>.■•)% 
when (n—l) particular integrals 

(1,0), (2,0), ■• («,0) 
are known. Suppose that 

(0,0) = (l,0)/(i + (■2,0)/ij + ■■ +{n-l,0)k^, 
where ^i, fd, . . k,^, are to he so determined that the above value of 
(0,0) shall satisfy the given equation. Suppose then, moreover, that 



([,0)4', 
(1,1)*', 


f (2,0)4', + ■■ + (»-I,0)S'._, 
t (2,1)4'' + ■• + («-l,l)4',_, 


= 
= 






(l,»-3)*', + (2,»_3)J', + •• + (n-l,7i-3)J'»_, = 






the solutions of which are 

i'l : 4', : •• I'—' 






(2,0) (3,0) .. (,-1,0) 
(•2,1) (3,1) ■■ (»-l,l) 


: + 


(3.0) (4,0) .. (1,0) 

(3.1) (4,1) .. (1,1) 


: •• ± 


(1>0) 
(M) 


(2.0) ■■ 

(2.1) •■ 


(»-2,0) 
(—2,1) 


n-3)(3,»-3). ■(»-!, a-3) 




(3,«-3)(4,K-3)..(l,«-3) 
= K, : K, : • ■ K,^, 




(I,»-3) (2,»-3).. 


(a-2,»-3 


suppose. On the other hand, by differentiating the expression for 
(0,0), we find 




(0,1) = 
(0,2) = 


= ( 
= ( 


,1)4, + (2,I)4j + ■■ + 
,2)4, + (2,2)4, + ■ . + 


(»-i 

(a-l 


,1)4._, 
,2)4.._, 







(0,»-l) = (1,,_1)4, + (2,»-l)4, + • 
+ (1,11-2)4',+ (2,»-2)4',+ • 

(0,«) = (1,„)4, + (2,„)4, + . 
+ 2{(1,»-1)4', + (2,» - 1)4', + . 
+ (1,, - 2)4", + (2,» - 2)4", + • 



+ («-I,n-l)4,_, 
+ (»-l,«-2)4'_ 

+ («-l,7l)4,_, 

+ (»-l,»-I)4'.^,} 
+ (» - l,n - 2)4",^, 



Substituting these values in the given equation, there results 
(I,»-2)4", + (2,»-2)4",+ -.+(»-l,>i-2)4"._,+ {P(l,n_2) + 2(l,,-l)}4', 
+ {P(2,»-2) + 2(2,»-l))4',+ .. + {P(«-l,»-2) + 2(»-l,»-l))4',^, = 
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but from the values of k\ : k\: . . k'„_, found above, and writing 

s', = eK„ i', = eK„ • ■ 4', = »K. 

there followH 

*", = S-K, + flK'i, i", = «'K, + flK'„ . . J", = S'K, + «K'. 
But 

(l,n - 2)K, + (2,« - 2)Ks + .. + («-!,«- 2)K,^, 

(1.0) (2,0) .. («-l,0) 

(1.1) (2,1) .. („-l,l) 



(l,»-2)(2,»-2).. («-l,,-2) 



and, as is easily seen. 



(1.0) (2,0) 

(1.1) (2,1) 



(,-1,0) 
(»-l,l) 



(l,a-3) (2,»-8) ■■ (»-l,n-3) 
(l,»-l)(2,«-l) .. (»-l,»-l) 
Hence 

(1,>!-2)K', + (2,ii-2)K'j+ ■• + (»-l,a-2)K'„ = 
(l,a-l)K, + (2,»-l)K, + .. +{„_1,„_1)K„„, =v' 
So that the equation becomes 

0'V + SVV + 2^V' = 



6' 2V' 

e + V 



whence integrating 



or, substituting for d in terms of ^,- and K^, and integrating again 

J v' 
or writing 



1 



'-(-'-/^B^ 



dA 



■r-"-d^ 



Hence, if 

ycft, •■j'—i 
be (n - 1) particular integrals of the equation 

( + .. + Ty = 



Ji- 



r^= 
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this equation will be also satisfied by, 
where 

whereby'"' is the niks. differential coefficient of y with respect to ,t, and 
A has the value given above. 



§ VIII. — On redundant Systems, and Groiqis of Determinants. 

The system 

(1,1)^,+ (l,2)^, + --+(l,nK = «i 
(2,1)^1 + (2,2)% + ■ . 4- (^,n)x„ = u-, 

[m, 1 )xi + (m,2)a:2 + ■ - + {m,n)x„ = u^ 
where my n, may be called a redundant system, there being more 
equations than necessary to determine the unknown quantities. There 
are, however, some remarkable formulEe connected with the solution of 
these equations, which may be here noticed. Suppose from the above 
system there be formed the following derived system, 
(I,l)";p, + (l,2)y'2 + .-+(l,n)";c„ = Di 
(2,l)"r, + (2,2)":r, + • • + {%n)"x^ = v, 

{n,iy% + (nfiy% + .. + {%n)"x„ = v„ 
where 

{l,l)'w, + (l,2)Va + .. + (l,m)'K™ = i;i 
{'2,iyui + (■2,2)'W2 + ■ - + (2,m)'y« = v^ 

(«,1)'!^, + (n,2)'w, + ■- + (n,myu„ = v„ 
9o that the values of (1,1)", (l,^)", . . are obvious, being in tact 
identical with the constituents of the determinant discussed in § V. 

Then every group of n equations out of the first system will give 
aa usual 

^{x,) = [I,l>, + [1,2>, + ■ ■ + Cl,K]w„ 
V(^a) = C2,1]K, + [2,2>, + .. + [2,K>„ 

V{^„) = [w,l]!(i + [«,2]«a + ■■ + [n,n]«„ 
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where :r„ x^, . . have been enclosed in parentheses to indicate that their 
values have been deduced from a redundant system. 

And the derived system will give 

V"^, ^ [1,1]"!'^ + lU2]"v, + ■■ + [!,«]"«„ 
V"^2= [2,l]"«i + [2,2]"«, + ■■ + [2,«]'V 

V"a:„ = [7i,l]"w, + [«,2]")>3 + ■■ + [«,«]X 

But if there be formed a series of partially derived systems, that is, 
systems derived by taking into account in succession the groups of n 
only out of the given equations, or, in other words, by putting (m — n) 
of the quantities «,, u^, . . u^, in turn equal to zero, the quantities v", 
[1,1]", [1,2]", ..in each such system will be reduced simply to the 
determinants considered in § V, ; and in fact, when the first n out of 
the given equations are taken into account, or, which is the same 
thing, when in the equations immediately above 

W„^l = 0, M„+2 ^0, ■ • M,„ = 

then by the principles of § V., 

v" = vv' 

[l,l]"-[l,l][l,iy, [1,2]" = [1,2] [2,1]', .. l\,nr=[l,n-}[n,l-\' 
[2,1]" = [2,1] [1,2]', [2,2]" = [2,2] [2,2]', .- [2,«]" = [2,«] ^2]' 

[«,!]" = [^1] [1,«]', [«,2]" = [«,2] [2,«]', ■ . [«,«]" = [M ln,n]' 
SO that the first group of equations will become 

VV'C^O = [1,1] [1,1]'". + [1,2] [2,1]'^, + .. + [1,«1 ln,ljv„ 
VV'(-^0- [2,1] [1.2]');: + [2,2] [2,2]';;, + ■■ + [2,«] [,^,2]'^-„ 

VV'M = DU] [1,«]'«, + [«,2] I2,nyv, + .. + [n,n-] [n,n]\ 

Hence, summing all the corresponding equations of the various groups 
so formed, it is not difficult to see that by the principles of the addition 
and multiplication of determinants 

S[l,l] [1,1]' = [1,1]", S[l,2] [1,2T=[1,2]",..S[1,»] [!,»]■ = [!,«]■' 
S[2,l] [2,1]' = [2,1]", S[2,2] [2,2]' = [2,2]", ■ • S[2,«] [2,,]' = [2,»]" 

S[n,l] [»,1]' = [«,1]", S[«,2] [»,2]' = [»,2]", .. X[»,»] [,,»]' = [,,»]" 

2vv'= v" 
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and consequently 




' Svv' ' 


, „ SVV'(%) 
' 2vv' ' 



The number of groups will be 

Jm-\)-.lm~n+\) ^ ^ {m-l).-{n- l) 
1,2-. « ],2-.(m-n} 

Hence the following theorem may be enunciated : 

TiiEOiiEM XII. Ifihere be m linear equations involving n variables, 
m being > n, or m = n, the values of the variables may he 
determined hy solving the partially derived systems correspond- 
ing to each group of n equations, and dividing the sum of the 
values so found, each multiplied by its respective determinant, 
by the determinant of the cm 



A particular case of these equations is met with in the method of 
least squares ; for let 

U = t{{U)xy + (2,i)x, + ■ ■ + {n,i,x„-u,Y 
the equations 









,fin 


is;"" 




5i. 


= 


will 


in fact 


give 

J(l,i){(l,.>, + 
S(2,i){(l,0«, + 


(2,.>, + - 
12,''>. + ■■ 


■ + 

■ + 


(»,.>.- 
(»,.>,- 


-'.) 
-«,} 



S(«,,){(l,i>, + (2,.>, + ■• + (»,iK-«,l = 
and will differ from those given above only in the conditions 
(1,1)' = (1,1), (1,2)'= (1,2), ■• {l,m)'={\,m) 
(2,1)' = (2,1), (2,2)'= (2,2), .. (2,m)'= {%m) 

(»i,l)'=(m,l), (™,2/=(™,2),.. {m,„)'={m,m) 
and consequently also 

[1,1]'= [1,1], [1,2]'= [1,2], .. [1,».]'=[1,»] 

[2,I]'=[2,1], [2,2]'= [2,2], •• [2,m]'=[2,>n] 

[»,1]'=[,,,1], [,«,2]' = [»,2],.. [»,,»>]'=[»,,»] 
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and finally, 

Hence also the following theorem may be enunciated : 
Theorem XIII. If there he m linear equations involving n variables, 
m being >n, or = n, onrf if the values of the variables deduced 
from each group of n equations be multiplied by the square of 
its corresponding determinant, the sum of all such quantities 
divided by the sum of the determinants will express the values 
of the variables deduced from the equations by the method of 
least squares. 

The square of the determinant corresponding to each group is called 
the weight of the combination. 

Before quitting this subject there are one or two points which may 
be noticed. The solution of the equations arising from equating the 
partial differential coefficients of U to zero may be thus written, 
w*x, ^ [I,lTa\ + [l,2]Vs + .. + [1,k]V„ 
V^. = [2,1]'k\ + [2,2 Jm^ + . . + [2,n]V„ 

VX-[«,!]V, + [«,2]V, + ..+ [«,«jV„ 
where 

u' -(1,1>, + (l,2)«, + ..+ {l,wK 
u\ = {%\)u, + (2,2)«s + . . + {%n)u„ 

u\ = {n,\)u,^ {«,2K + ■■ + («,«)«„ 
in which expressions the quantities 

v' _ Xv^ v' _ Sv° _v' _ 2V" 

[1,1]' -tl\,\r [2,2^ "'2[2,2r ■■ [«,«7-2[^ 
are called the weights of the determinations of x^, x^, . . x^. If only n 
observations be taken into account, the numerators of these expressions 
become simply v'^. If e be the error to be feared in a determination 
whose weight is unity, the errors Ei, Ea, . . E„ to be feared in the 
above determinations will be, 

E, = + ./H14I, E, = ±,/324L", .. E.= +. /S'ii'J! 
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§ IX. — On Skew Determinants. 

A determinant whose constituents satisfy the conditions 

* (1,2) + (2,1) = 0, .. (1,») + (n,l) = 

(2,1) + (1,2) = 0, , .. (2,,) + («,2) = 

(»,1) + (l,n) = 0, (»,2) + (2,») = 0, ■ ■ » 

is called skew. For the present it will be considered that 
(1,1) = (2,2) = .. = («,«) = 1 

Consider then the system 

i:, +(l,2)j:s + .. +(l,n)i. = a, 
- (l,2>i + ^2 H- .. + (2,7i>„ = !<s 



- (l.«) 


^i-(2,w)r, - ■• + 3,„ =M„ 




and also the derived system 




I, -(1,2)1, (1,«)^. = ., 

(l,2)i, + I, ;- •• - (2,»)x, = », 




(l,K)a:i + (2,M):i:, + ■ ■ + :r„ = v„ 




and let 




V{1,I}=2[1,1]-V, V{1,2}=2[1,2], .. v{l,«} 
V(2,1}=2[2,1], v{2,2} =2[2,2]-v, - v{2,n} 


= 2[l,"j 
= 2[2,»: 


v(»,l} =2[n,l], v{»,2( =2[>i,2], ■■ v{n,»( 


= 2[n,«]-v 


where 

V = 


1 (1,2) .. (1,») 
-(1,2) 1 •■ (2,n) 





-(l,n)~(2,n).. 1 I 
■whence multiplying the given equations respectively by the factors 
{1,1}, {1,2), .. {1,»} 
{2,1}, {2,2}, •■ {%.} 



{«,!}, {»,2}, 



{«,»} 
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and bearing in mind the relations given at the beginning of § VI. there 
results 

{1,1}k, + {1,2}m2+ •■ + {l,n}u^ = v, 

{2,1}«, + {2,2}m, + ■• + {2,«}!<„ = V, 

{n,l}ui+ {n,2}u^+ ■• + {n,u}u„ = v„ 
and, similarly, from the derived system 

{l,l}ri+ {%\}v,+ •■ + {n,l}v„ = u, 
{l,2]v, + {2,2}w, + •• + {n,l}v„ = u. 



{1,1}=4-{2,I}'+-{",1M. {l,!}{l,2} + {2,l}i2,2}+..{,,l}{.,2H0, .. {l,l}{l,«}4{2,l}{a«}4..{.,l}(>,,-,}=0 

{1,2}{U) + {2.2}{2,1}+-{»,2}{«,1}=0, {l,2}= + {2,2}'+..{«,2}'=l, - {l,2j{l,«} + {2,2){2,™} + ..{n,2}(„,„}=0 

{I,«}{i,l} + {2,«}{2,1}^-.(«,"}{«,1}=0, {l,»}{],2}^{V)(2,2)+..{«,«j{»,2}=0,,.{l,.}'^{2,n}V. .{«,«}'=! 

We have therefore found a system of -n? quantities {1,1}, {1,2} .., 
rational functions of \ri,{n—\) independent variables, (1,1), (1,2) . . 
and satisfying the conditions given above. 

The conditions above written give rise to a relation which is perhaps 
worth remarking ; in fact, forming the determinant of the quantities 
on the left-hand side of the system immediately above ; equating it 
to that formed from the quantities on the right-hand side, there will 
be found, 

[1,1}{1,2}..{1,«} ^=1 

{2,1} {2,2} ■• {2,^} 

[n,\) {n,^ ■■ {n,n} 
or, substituting for {1,1}, {1,2},.. their values, and extracting the 
square root, 

[l,l]-|[l,2]..[l,„] 

[2,1] [2,2]- |..[2,,] 

[.,l][»,2]..[»,»]-f 
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As an example let w — 3, and 



= 1 +X'' + fi' + v'- 



then, for the inverse system, we have 



j 1 +x^ 

\ v\ + fl. fJ,V 



Xfi + V vK — /J, \ 
1 + /i^ /J.V + X \ 

1 + i.^ I 



and therefore, 

V(l,l}= I +X' -ij,^~v% v(l>2S = 2(X/i + 0, ^{1,3} ^ 2{vX - ft.) 

v{2,l} = 2(X/i-y}, v[2,2}= 1 — :X- + ^--i'^ ^{^3] = <2{f>.v + X] 

V{3,1) = 2{vX-\- ii), v{3,2} = 2(/i!'-X), v£3,3} = I - X^ - ij.^ + v" 

which will consequently express the values of the nine direction- 
cosines in the transformation from one set of rectangular co-ordinates 
to another, the formulae of transformation being, 

y = {2,1}| + (2,2}i + {2,3}f ^ = {1,2)3: + {2,2}?/ +{3,2}2 
2 = {3,1 }^ + {3,2)^ -I- {3,3}? f = i l,3}x -I- (2,3)^ -1- {3,3]z 

A skew determinant is said to be symmetrical when 



(1,1) = 0, (!,2) + (2,l)= 0, 

(2,1) + (1,2) = 0, (2,2) =: 0, 

(n,l) + (l,n) = 0, (n,2) + (2,n) = 0, 

The given and derived systems then give 
n, + v, = 0, «2 + "i ^ 0, . ■ 1 

Ml + Hj + ■■ + U„ = 



(V.) + (»,2) = 



(»,») = 



and consequently, 

Vi, = [l,l>,+ [1,2>,+ ■ 
Vij=p,l]a] + p,2]«,+ . 



+ [l,n]>,,=[l,V>, + [2,l>,+ . 
+ [2,»l»„=[l,2]», + [2,2]»,+ . 



+ [»,2].. 



Vi„=[ii,l]»,+ [n,2]a,+ ■■ +[>i,n]K,=[I,n>, + [2,n]v,+ .. +[b,»]i.. 
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and coiisequentlj, 

2vii= +([1,2: -[2,I])%- 

2vi,= ([2,l]-[l,2])»,+ 



+ ([l,n]-[»,l]K 
+ ([2,a]-[«,2])»,. 



2v»,= ([»,l]-[l,»>i +([»,2] -[2,»j)a,+ .. + 

on the other hand 

= 2[1,1]„, + ([1,2] + p,l])a, + .. + ([!.,] + [„,!])«, 
= ([2,1] + [1,2])«, + 2[2,2]». + .. + ([2,«] + [«,2])». 

= ([»,!] + [1,«])», + ([..,2] + [3,«])«, + ■• + 2[»,n]a. 
and the comparison of these three systems gives either 



[2,1] = [1,2], 
[«,!]= [1,11], 



[1,»] = [11,1] 
[2,11] = [11,2] 



[1,1] = (3, [1,2] + [2,1] = 

[2,1] + [1,2] = 0, [2,2] = 0, 



[1,11] + [11,1: = 
[2,»] + [11,2] = 



[»,1] + [1.11] = 0, [11,2] + [2,»] = 0, . . [11,11] = II 
and consequently cither a symmetrical skew determinant of an even 
order, or a determinant of an odd order, always vanishes ; but since 
it is found on trial that for M — 1,3, . ., v vanishes, while for « — 2, 4, . ., 
it does not, the following theorems may be enunciated. 

Theorem XIV. A symmetrical shew determinant of an odd order 
in general vanishes^ arid the system has for its inverse an 
w system. 



Theokem XV. A symmetrical skew determinant of an even order 
does not in general vanish, hut the system lias for its inverse 
a symmetrical shew system. 

If n be even, a detei-minant of this class admits of the following 
reduction ; it is easily shown that 



. • (1,2). ■(!,«) 
(2,1) . ••(2,») 



(n-lX-iS)-- 



= (1,2)> 



» (0,4). .(3,11) 
(4,3) , ..(4,») 



(«,8)(»,4).. 



+ 2(l,2)(l,3)!(3,4)(3,5)..{a,2) 
i . (4,5).. (4,2) 

Uii,4)(»,5)..(»,2) 
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(3,4)(3,5)..(3,2) 
, (4,5) -.(4,2) 

(n,4)(»,5)--(n,2) 
{S,2)(3,4)--(3,«) 
(4,2) » .■(4,«) 



'= (3,2)(3,4)..(3,..) 1= (2,3)(2,4)-.(2,n) 
(4,2) • •.(4,«) (4,3) » ■■(«,,, 



(»,2)(«,4).. 

• (2,4).. (2,«) 
(4,2) , ..(4,») 



(«,3)(M).. • 

* (.•!,4)..(3,») 

(4>3) » ..(4,>i) 



(»,2)(«,4)-- • (1,2) («,4).. » (>.,3)(M).. • 

since the coefficients of (2,3) and (3,2), being symmetrical slcew 
determinants of an odd order, vanisli ; so that iinally. 



• (1,2).-(1,») 
(2,1) ■» ■■{•i.n) 



'=(1,2) 



(n,l)(n,2).. 
If in the determinant 



• (3,4)..(3,») 
(4,3) .» ..(4,») 



(»,3)(»,4)- 



(1.1) (1.2) . 
-(1,9) (2,2) . 



^+(1,3) 



* (4,6). .(4,2)1*+.. 
(5,4) » ..(5,2) i 

(2,4)(2,.',).. * I 



(l.«) 
(2,») 



-(l,«)-(2,») ..(„,„) 
the quantities (1,1), (2,2), . . (n,n) be put simultaneously equal to zero, 
the terms independent of these quantities will remain ; if all but one of 
them be put equal to zero, those terms which involve that quantity will 
remain ; if all but two be put equal to zero, those terms which involve 
their product will remain, and so on ; so that a general skew determinant 
may be thus expressed ; 

(1,1) (1,2).. (1,«) = , (1,2).. (1,») 

-(1,2) (2,2).. (2,«) -(1,9) , ..(2,») 



-(l,»)-(9,.)..(»,») 
+ (1,1) » (2,3).. (9,») 
-(2,3) * ..(3,«) 



-(2,»)-(3,»).. 
..+(1,1) (9,9) 



-(l,»)-(2,»).. 
(2,2) * (3,4).. (3,1) 
-(3,4) * ..(4,1) 

-(3,1)-(4,1).. , 
(3,4).. (8,») +.. 



-(3,4) , ..(4,») 
-(3,»)-(4,»).. t 



y Google 



51 



Hence if » be even, 
(1,1) (l,2)-.(l,ii) 
-(1,2) (2,2) -.p,.) 

-(l,n)-(9,n) ■•(»,») 

+ (l,l)(-2,2)((3,4) 



and if n be odd, 



,2) 


» (3,4). 
-(3,4) » . 


■(3,») 
.(4,») 


' 


+ (1,3) 




~(3,»)-(4,«).. , 




* (5,(i)..(r>,.i) 

(5,6) , ■■(8,«) 


*+(3,5) 


* 
-(6,7) 


(5,« 


-(6,»)-- * 






-(6,4)- 



• (4,5) ■ 
-(4,5) » . 

-(4,2) -{5,2). 
(6,7).. (6,4) 
* ..(7,4) 



(1.1) (1,2). .{],«) 

(1.2) (2,2).. (2,») 


— 


(l,«)-{2,») ..(»,») 




+ (2>2)((3, 


4) 



:i,i)((2,3) 



t(l,l)(2,2) ..(»,») 



■» (4,5).. (4,») 
-{4,5) .» ..(5,») 



» (5,6).. (5,1) 
-(5,6) » ..(6,1) 



(4,«)-(5,«).. 
+ (3,5) 



-(5,1)-(6,1).. 



+ (2,4) *- (5,6).. (3,3) 
-(5,fJ) * ..(G,:3) 


+ 


|-(5,3)-(6,3).. .:^ 




* (6,7). .(6,4) +■•)' 
7) * "(7,4) 


4)-(7,4).. « 





+ .. +(\,\){%1)..{n,n) 



§ X. On Functional Determinants. 

There is a class of determinants whose constituents are differential 
coefficients of functions of variables, and which are called functional 
determinants ; they are capable of numerous applications, and although 
subject to the same general laws of combination and development as 
ordinary determinants, possess many peculiarities, which make it neces- 
sary to discuss them separately. 

Iff, f, . . fhe functions of x; Si, . . a;„ not independent oi' one 
another, hut connected by some equation, such as, 
n = 

then the equations 

'51 = 0, £I=o,..i5 = o, 
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S'2 



hold good on account of the independence of ;r, si, 



dn df 
df dx ' 



dfi dx dfn dx 



df dxi dfi dxi df„ dxi 



•HUf + ^ * + 

df dXtt df dxi 



dn ^ ^ , 

dfa dx„ 



and consequently 



df df,^ ., df. 

dx dx dx 

dxi dxi 



. df. 



df df^ 
dx„ dx„ 



df^ 



Conversely, if the latter equation hold good, the preceding system may 
always be satisfied, and the fimctions f, fi, . ■ f^axe not independent. 

li f,fi, . . f„he functions of the variables x, x^, . . x^, independent 
of one another, and there be given the system of equations 



4 +'4^ 

dx dx^ 

df . df , 
ax dxi 



>%- 



ax dxi 



+ 



>* = '. 



then, considering x, x„ . . ^„ as tiinctions of y^ /„ , . /„, the equations 
(far _ dj; 

dx ~ ' " dx. ~ 

= Ij • • 






dx 






= 0, 



dx. 



' = <>• 






!= 1 
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df d^.df, dx_ _ df d^ dj\ <h_ _ '¥ ^ A.4^ ^^ ^ 

dx df dx df ■ ' "" > dxi df dx\dfi •■ — i ■• j^^ ^ ^^^ ^ - 
df dxi df, dxi df dxi djl dxi df dxj dfi dxi 

dxlf d^ ^ + ■■="' 5^1 ~^^Txi rf/i+ •• =^' " d^„rff +rf:r^ 5?j + 

df dar„ df, (ic„ df dx„ df dx^ df dx df, dx„ 

dx df ^ dx dfy^ ~ ' dxi df^ dx, df,^ '"' dx„ df ^ dx„ df^ 
and consequently 



dxi , .dx, . , fdx'i _ 

-^ <5^ dj^ 

!£/,/„ - -^^ be functions of tlic variables a;, x,, • • x^, independent of one 
another, and there be given the equations 



Then 



Since 



df dx df dx, , dfi dx df dx^ 

di'^^di^'df^'"^' di df"^ di[ df'^ 

df dx df dxi . df dx dfi dxi _ df„ dx ^ dx, 

~d^ df '^ dx\ df~^ " '^^' dx df^~<h,~^i'^"~ ' " rfJ ^ +rfrj ^"''■'='' 

df dx df dxi df dx df dx, 

d^df'^dxtdf'^"^"' dx ^^'^ dsi'dfl'^ 
there may be deduced 

dx dxi 



: 0, ■■ 


« 


dx 


df. 


an 


dx 


¥.-* 


li, 


•If. 


dx. 










■if- 


■■ u 








di. 










df, - 


Wl 









"*;- 
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Hence also by what has been proved above, yj,;^, . .f„ being independent, 
if 



and conversely. 



Comparing the solutions of the systems of equations given above with 
those which would be found by the ordinary method of determinants, 
and writing 



31 Jf . 

dx <&, 


if 


if, if, 

dx ixi 


if, 

■ dx. 


iAiu' 

dx dx. 


dx. 



V^ = [0,0], v^ 



= [0.1], 






^ = M, v^ = [..i],. 



= [0,«] 

= [1,«] 



dx r i\-\ dx, I- 



-- {n,n\ 



which may also be written in the following forms, 



d^ _ dx rfy 

■^-'V dif" 



■"'if 



d^ __ dx d^ dx, 



Ta 

dx„ 



(fy _ dx d^ _ dxi 






•*; 
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'if 
'1/ 

rfv 

•If 






i^=-v^ ■■ i^ c* 









4^' 






If the determinant formed ftom the expressions on the left-hand sides 
of the system in the preceding page be equated to that formed by the 
corresponding expressions on the right-hand side, the theorem for the 
multiplication of determinants gives at once 



*■ 


if 


. ''/ 


dx 


dt 


dx 


<h 


i, 


lit. 


V 


df. 


'df. 


in 


V~. 


dy, 


,u, 


di, 


dx, 


di 


dx, 


s. 


•If 


df, 


df. 


v. 


•If.. 


. « 


dx. 


dx. 


dx. 




rf„ 


lii. 


■r 


df, 


' df. 



the same result might be obtained by substituting for [0,0], [0,1], 
in the equation (see § VI.) 

[0,0] [0,1] --CCk] 
[1,0] [1,1] ■.[l,n] 

[«,0] [B,l] -■[«,«] 
In connexion with which the following formula may be noticed : 
If//, . ./„ arc related by the (« + 1) equations, 
F = 0, Fi = 0, ■ ■ r„ = 

n of the (m + 1 ) variables may be eliminated from each of these last 
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functions, so that each may be considered i 



variable, and of the functions yjyi, . .f^; and consequently 



. function of a single 



dx df dx 
d¥t dFtif 
dx (If dx 



dxi df dxi 
dx, dfdx, 



dl'. 
dx ' 



.dF,df^ 
df dx 



df dxi 



^dl'df 
df dx„ 

dx„ dj dx^ 



transposnig the terms -rj;i—> 
dx (lX\ 



. and equating the determinant formed 



from the expressions on the left-hand sides of these equations to that 
ibrmed from those on the right, the formula for the multiplication of 
determinants gives 

(-)■■ 



rfF dF 
IS Si, 


dF 
' dx„ 


— 


dF dF 


dF 
' df. 




¥ df 
dx dx. 


.it 

dx. 


d¥, d¥, 


dF, 




dF, dF, 


JF, 




dfidf. 


dfi 


S lb. 


' dx:. 




df df. 


df. 




dx dx; 


' e: 


<(F. d¥, 
dx dx, 


dF, 
' dx„ 




dF. dV,. 
df df, 


dF. 
' df 




dj.df 

dx ax I 


dx„ 



Determinants are useful also in the transformation of multiple 
integrals, and lead to a simple solution of the general problem which 
may be thus stated ; let 

V =//■• Vdxdx, ■■ d;r^ 
and suppose it be. required to transform the integral to one in which 
yj S/i, • • yi shall be the independent variables, then 

dy ■ 

-'- -'- , «a;.j 



dx = 






, (Ml , , ll.'l 1 J 

,/j-, = > dy + ~-'rfy, + ■ 
dy dy, 



dx„ — - 



dx„. 






dy^ 



and since a-, ^i, . . x„ vary independently, we must put 

dx^ = 0, iT!^ =^0, ■■ dx^=0 
in order to find dx ; this gives 

^dy = Vi<^^ 
and consequently dx and dt/ vanish together, (the value of Vi is 
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obvious). And therefore for the determination of the remaining 
differentials there exist the equations 



''"^■=^*' + §.* + ■ 






dy„ 



dy, ^' dy^ -^^ dy„ ■ 

proceeding as before, and putting 

dx-i = 0, dxi = (i, ■• dx„ = a 
there will result 

Vidiji - vAi 
and so on successively until 



hence multiplying all these expressions together, and dividing out the 
common factor, 

Vi V2 •■ V« 
there will finally result 

\jdy dpi • ■ di/„ = dx dxi ■• dx„ 

and consequently 

\=ff..\Jvdydy,--dy, 

If 

U = 

and 



dxx 



(0,») 



then differentiating, 

(1.1) &,+ (2,1) i, + ■• +(«,!) rfx, = 

(1.2) i, + (2,2) <ii, + • • + («,2) <it. = 



(l,«)<fe, + (•i,n)dx. 



■ + (»,») lbs. = 



(1,1) (1,2). .(!,») 
(2,1)(2,2)..(2,») 



(«,l)(a,2).. («,«) 
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and the preceding system gives 

X,rfi| = [l,l], A,&s = [l,2], ■■ X.,*, = [l,n] 
X.A = [2,1], \,cli, = [2,2], ■ • X,Jx, = [2,71] 

X,ii = [a,l], \,dx, = [»,2], . . X,i. = [»,«] 
?.,, ;.a, . . \, being indeterminate multipliers. Suppose moreover that 

then, it being observed that (ij) = {j,i), and [i^j] = {j,i], it follows 
that 

{0,1} =(l,],i) [1,1] + (1,2,1) [1,2]+ ■■ + (l,n,l) [l,n] 
-■- (1,1,2) [2,1] + (1,2,2) [2,2] + .. + (l,n,2) [2,k] 
+ . . •■ . 

+ (1,1,^0 [m,1] + (1,2,») [»,2] + .. + (l^n}ln,n-] 
= X,{(l,l,l)tiri + (l,l,2)rfx2 + ■■ + (l,l,n)rfa^„} 
+ \3{(l,2,l)dxi + (l,2,2)dx:2 + ■• + (\,n,?t)dxj 
+ , .... 

+ X„{(l,w,l)dj;, + (],n,2)<fa-2 + ■• + (l,n,n) (/,(:„} 

whence the following system may be formed 

{0,1} = X,D(1,1) + \sD(l,2) + . . + \„(l,n) 
{0,2} = \iD(2,l) + XsD(2,2) + - + X„(2,k) 

{0,«} = X,D(k,1) + X^D(!i,2) + . . + \,D(w,«) 
where D indicates the total differential ; but since 

X^d^i =: Xidx^, X^dxi = Xitfa'a, ■ - Xjix, = \idx„ 
consequently 

Xi ; X; ; ■ ■ X,, = rf^, : dx2 '. • ■ dx„ 
and if be the common ratio of each quantity on the left-hand side 
of this system to tlie corresponding quantity on the right-hand side, the 
above system may be written thus, 

{0,1} ^ 50^(0,1), {0,2} = ^0^(0,2), •■ {0,«} = ^D^(0,n) 
but since 

(0,1) = 0, (0,2) = 0, == (0,)i) = 
therefore also 

DX0,1) = 0, 0^0,2) = 0, ■■ D^(0,n) = O 
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and consequently 
these again give 



{0,1} =0, {0,2} =0, .- {0,n} -. 



{l,l}<ii, ■ 



{2,2}rf:rj + • 



+ {l,n}dx„ = 
+ {2,n}(&„ = 



{n,l}<;^i+ {n,11}dx^+ ■• + {n,n 



and consequently 



{1.1}, 

{2.1}. 



{1.2}, 
{2,2}, 



{»,!}, {«,2}, 



{1,»} 
{2,»} 



{»,»} 



From the above formulae the following relations are easily deduced, 

[1,1] : [1,2]: •-[!,«]= [{1,1}] : [{1,2}] : ..[{i,«}] 
[2,1] : [2,2]: -■[2,«] : [{2,1}] : [{2,2}] : ■.[{2,«}] 

[«,i] : [2,«]: ■•[»,»] : [{'M}] : [{«,2}] : ■•[{«,«}] 
where [{ij}] is the inverse of {j,i}- This system also involves the 
following, 

(1,1): {1,2); ■■(!,«)= {1,1}: {1,2}; ■■{!,«} 

: (2,1) : (2,2) ; ..(2,«) : {2,1} : {2,2} : •■{%„} 

: (n,\) : {n,2) : .■{,i,n) : {n,l} : {n,2} : ..{«,«} 

This last system of relations was given by Dr. Hesse (Crelle, torn, xi..) 
with a demonstration by Jacobi. 

The above equations are applicable to certain questions in Geometry. 
Thus, in the case where « = 3, the equation 

U= 
represents a cone when x, Xi, x^ are the co-ordinates of a point ; and it 
represents a plane curve when the ratios of any two variables to the 
third are the co-ordinates of a point in the plane. This in fact is the 
same thing as forming a plane curve by the intersection of a cone and 
a plane. In order to find the condition for a point of inflexion on 
the plane curve, it will therefore be sufficient to find the condition that 
the principal (and consequently all the) radii of curvature of the cone 
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at a certain point (.r, a;^, ^a) shall be infinite. The condition in question 
is, as is well known, represented by the system 

(0,1) = 0, (0,2) = 0, {0,3) ^ 
or 

(l,l)dxi + (l,2)<£3;a + {l,S)dxs ^ 
(2,l)rfx, + {2fi)dx^ + (2,3)rfa'3 = 
(3,l)(f^i + (■'),2}(fo2 + (3,3)</a-3 = 
and consequently 

I (1,1) (1,2) (1,3) 

(2,1) (2,2) (2,3) 

I (3,1) (3,2) (3,3) 

This equation combined with that to the curve will determine the 
points of inflexion of the curve. It follows therefore that a curve 
of the Mth order has in general 3)i (« — 2) points of inflexion. 

The following example is taken from the Cambridge and Dublin 
Mathematical Journal. 

" Jacobi, in a very elaborate memoir, ' Thcoria novi multiplicatoris 
systemati sequationum differentialium vulgarium applicandi,' has demon- 
strated a remarkable property of an extensive class of differential 
equations, namely, that when all the integrals of the system except a 
single one are known, the remaining integral can always be determined 
by a quadrature. Included in the class in question are, as Jacobi 
proceeds to show, the differential equations corresponding to any 
dynamical problem in which neither the forces nor the equations of 
condition involve the velocities ; i, e. in all ordinary dynamical problems 
when, all the integrals but one are known the remaining integral can 
be determined by quadratures. In the case where the forces and 
equations of condition are likewise independent of the time, it is 
immediately seen that the system may be transformed into a system 
in which the number of equations is less by unity than in the original 
one, and which does not involve the time, which may afterwards be 
determined by a quadrature, and Jacobi's theorem applying to this new 
system, he arrives at the proposition, ' In any dynamical problem 
where the forces and equations of condition contain only the co- 
ordinates of the different points of t'ae system, when all the integrals 
but two are determined, the remaining integrals may be found by 
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quadratures only.' In the following paper, which contains the demon- 
strations of these propositions, the analysis employed by Jacobi has 
been considerably varied in the details, but the leading features of 
it are preserved. 

" § 1 . Let the variables ar, ij,z, . . &c. be connected with the variables 
u, v,w,.. by the same number of equations, so that the variables of 
each set may be considered as functions of those of the other set. And 
assume 

dx dy ■ ■ = ^ du dv ■ • 

If from the functions which equated to zero express the relations 
between the two sets of variables we form two determinants, the former 
with the differential coefficients of these functions with respect to 
u,v, . . and the latter with the differential coefficients of the same 
functions with respect to x, j/, . ., the quotient with its sign changed 
obtained by dividing the first of these determinants by the second is, 
as is well known, the value of the function v- 

" Putting for shortness 

dx du a <' 



-i = lt 



and 



''" _ A <^" _ T> ^° — \' do _ 



V is the reciprocal of the determinant formed with A, B, . . A', B', . . 
&c. Or it is the determinant formed with «, /3, . . «', ^', . . &c. 

" From the first of these forms, i. e. considering v as a function of 
A, B, . . 



where the quantities a, ^, . . /, ,6', . . and A, B, . . A', B', . . may be 
interchanged, provided — v be substituted for v- 

" Hence 

-ifV + fl'^A 4- ^(^B ■ . + a'dM-\- ^WB'- ■ = 
or reducing by 

dy dx dy dx 
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